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Recall: Memory Consumption in LLM Training

» Memory = Model + Gradient + Optimizer States + Activation

» Adam’s Cost: Activations
Model Parameter — @ wdel
Gradient - ©

Optimizer States (First & Second moment) - 20

Gradient
» Consequence: OptStates

The 7B-pretrained model(BF16) requires 28GB of Adam optimizer states.

Goal: Decrease optimizer states while maintaining performance

Center of Machine Learning Research <2>
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Start with Adam: Destructing Adam’s Redundancy

» Adam Update Rule:

M,
Wi =Wy —1
JVit+ €
where W, € RM*1 js weight matrix, M, € R™*1 js momentum,
V, € RM*N js second moment as adaptive learning rate (Preconditioning)
> Question:

1. Is it necessary to maintain an adaptive learning rate for each components in W;?

2. If not, how should the adaptability(V;) be arranged?

Center of Machine Learning Research <3>
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Adafactor: Adaptive Learning Rates with Sublinear Memory Cost

Center of Machine Learning Research
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Adafactor: Factorize V,
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» Assumption:
V, € RM*N js low-rank, i.e. V, = R, - C,,
where R, € RM*1 ¢ e Rrlxn
» Motivation:
Decrease the memory of optimizer states by storing R, & C; instead of V;

» Memory Saving Results:
O(mn) - O(m+n)

Center of Machine Learning Research <5>



Adafactor: How to derive rank-1 factorization? ez )Y
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» Objective: Minimize Generalized KL-Divergence (l-Divergence)

Vij
D(V || RC) = Z(VulogR C —Vij + R; C)
L,J

» Constraints:

R; =0,C >0

Center of Machine Learning Research <6>
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Theorem

The solution set of the optimization problem (minimizing I-divergence) when consists of
all feasible pairs (R,S) satisfying:

Vi1V
RC = —_"
1'vi,
where 1, = (1,...,1) € R denotes a column vector of { ones.

» Solution (Closed-form):

15,-V
R=V-1,, C= TV

Center of Machine Learning Research <7>
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Proof of Theorem

D(V/|RC) = Zi( Tog 5 v,j+Rc>
i=1 j=1
:ZZ\/U'IO%VU_ZZ Vij log R
i=1 j=1 i=1 j=1
=) > Vylog G => ) Vi+ > > R
i=1 j=1 i=1 j=1 i=1 j=1

Setting the derivatives with respect to R; and C; to 0:

8R,- Ri .
Jj= J:1
oL VO SV,
IS _Y R. — C. — i=1 "1
o~ T2 R0 = GeRrg
i=1 i=1 1=

Center of Machine Learning Research <8>
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The solution has a scaling symmetry (aR, C/a). We break this symmetry by enforcing
the constraint » |, Ry = > ;. Vj;.
This leads to the canonical minimizer:

"V
VU? Cj Zl:l )

Ri — [ — n m
1 Zizl Zj:l Vii

m
J:

In vector notation:
1TV

R=V1, C=
17V1,,

Thus, the product RS is unique:

T T
RC:V1m< Ln V >: Vinl, V

1Tvi,) = 1Tvi,

Center of Machine Learning Research <9>
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Adafactor: Removing Momentum

» Motivation: Further save the memory of momentum — @

> Pseudo-code:

Algorithm 2 Adam for a matrix parameter X with factored
second moments and first moment decay parameter [3; = 0.

I: Inputs: initial point X, € R™*™, step sizes {a;}{_;,
second moment decay (35, regularization constant €
2: Initialize Ro = 0and Co =0
: fort=1to 7T do
Gt = V fi(Xi—1

3

4: )

5. Ry=pPoR;_1+(1—52) (o

& C —BCit ((1 e 1T G2 ]- Rank-1 Factorization of V,
f

8

9:

V; = (RtCt/lth)/(l — 32

W= Mooy — NG G Vi) Discard Momentum

end for

Center of Machine Learning Research <10>
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Summary of Adafactor

» Pros:
Less memory usage of optimizer state: 2mn (M; + V;) - m+n (R; + C;)
» Cons:
Approximation Error: V; is not always of rank 1 —» Slow convergence
Throughput Cost: Factorize V; and compute RMS increase computation cost
» Result:
In order to achieve better performance, momentum M; is re-introduced to the

actual use of Adafactor, sacrificing memory to gain faster convergence speed.

Center of Machine Learning Research <13>
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ADAM-MINI: USE FEWER LEARNING RATES TO GAIN MORE

Yushun Zhang*!3, Congliang Chen*!3, Ziniu Li'?, Tian Ding??, Chenwei Wu*,
Diederik P. Kingma®, Yinyu Ye'®, Zhi-Quan Luo'?, Ruoyu Sun'!?3

1 The Chinese University of Hong Kong, Shenzhen, China;

2 Shenzhen International Center for Industrial and Applied Mathematics;
3 Shenzhen Research Institute of Big Data; * Duke University;

° Anthropic; ® Stanford University
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Adam-mini: Start from Pre-conditioning Perspective

» Critique of Adafactor:
It assumes V; is rank-1. The assumption lacks observation to support.
— Need to investigate NN’s structure!

» View Adam as Pre-conditioning method:

Wiy = We — NeDpmy

where D, = Diag (\/%) IS the pre-conditioning matrix
t

The ideal pre-conditioning matrix is Hessian’s inverse H ™1

Need to inspect NN’s Hessian structure!

Center of Machine Learning Research <15>



Adam-mini: Hessian is near-block-diagonal
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Figure 3: The near-block-diagonal Hessian structure of neural nets. (a) is the Hessian of an MLP after 1
training step reported in (Collobert, 2004). (b,c,d): the Hessians of a 1-hidden-layer MLP on CIFAR-100. The
near-block-diagonal structure maintains throughout training, where each block corresponds to one neuron.

Center of Machine Learning Research <16 >
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Hp i . .
T = ;l |le""ll: the degree of dominance of diagonal elements
i.j 111b,i,j

_ K(DadamHp).

r= . the pre-conditioning effect of Adam
k(Hp)

10 20 30 40 50 60 70 80 20 100 200 400 600 800 1000

Dimension d Condition Number k(Hy)

(a) 7 v.s. dimension d (b) r v.s. dimension «(Hp)
Figure 5: The effectiveness of Adam’s preconditioner Dagam on different matrix structures of Hp. (a): for most
dimension d, r 1s large when 7 1s small (  and 7 are defined in Eqg. (2)). This indicates that Adam might not be

so effective when Hy is dense. We fix x(Hp) = 500 here. (b): We use the same setups as (a), except that we fix
the dimension d = 50 and change the z-axis to xk(Hp).

Center of Machine Learning Research <17 >
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(a) Hessian matrix (b) Total loss (c) Dense sub-block  (d) Sub-problem loss
Figure 4: (a): The Hessian of a three-block random quadratic problem. (b): Training curves for the problem
associated with the full Hessian in (a). The optimal single (blockwise) learning rate is chosen based on the
full (blockwise) Hessian in (a). (¢): The Ist dense Hessian sub-blocks in (a). (d): Training curves for the new
problem associated with the Hessian in (c).
Conclusion:
» For dense Hessian case, Adam is far inferior to optimal single-learning-rate.

» For block-diagonal Hessian case, Adam surpasses optimal single-learning-rate

Center of Machine Learning Research <18 >
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Adam-mini: Observation Summary

» (Recall) Question:
1. Is it necessary to maintain an adaptive learning rate for each components in W,?

2. If not, how should the adaptability(V,;) be arranged?
> For Q1:

Under near-block-diagonal Hessian structure, Adam’s maintaining an

adaptive learning rate(V;) for each components in W; involves redundancy.
> For Q2:

For each dense sub-block of Hessian, carefully chosed single learning

rate is good enough.

Center of Machine Learning Research <19>



Adam-mini: Hessian based Transformer Partition Strategy
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Use Hessian information to patition variables into groups:
> Query/Key: Head-wise

Weight components in the same head as a block.

(a) query (4 heads) (b) kevy (4 heads)

Center of Machine Learning Research <20>



Adam-mini: Hessian based Transformer Partition Strategy
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Use Hessian information to patition variables into groups:

» attn.proj/MLP: Neuron-wise

Weight components in the same row as a block
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(d) attn.proj (16 neurons) (¢) mlp.fc_1 (32 neurons) (f) mlp.proj (16 neurons)

Center of Machine Learning Research <21>



Adam-mini: Hessian based Transformer Partition Strategy

Use Hessian information to patition variables into groups:
» Embedding/Output: Token-wise

Embedding — Each word vector as a block

100

g) embed (8 tokens) (h) output (8 tokens)

Center of Machine Learning Research
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Adam-mini: How to set learning rate? ae;J,é
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e For Adam: UAdam:(\/Z’;—l,m,m,m,

* For Adam-mini: suppose the partitionis (1.2.3) and (4, 5) then

] I

Ui

Umini — (

» Why Ir = mean(g ® g) ?
1. Convenience

2. Best among common statistics

Center of Machine Learning Research
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Llama 2-20M Pre-training
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Figure 15: Ablation studies on the design of Adam-mini. We find that mean(v) performs better than
other candidates. The blue curve does not show because the algorithm diverges and the curve is out
of range.
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Adam-mini

Algorithm 1 Adam-mini (General form)

1: Input weight-decay coefficient A and
current step ¢

Partition params into param_blocks Partition blocks
by Principle 1 in Section 2.3 — based on Hessian
for paramin param_blocks do

N

3:
4. g=param.grad
5. param=param-1; * Ax param
6: m=(1—p1)*xg+ [ *m
7: I:h — l_rnBt
1

A YRS CELICIOI RN ERE 4 Single Ir for a sub-block
9: \Af — A4 I

1— B2

m

10: param=param-7n * Tore
11: end for

Center of Machine Learning Research <24 >



Evaluation: Scaling Law

I
---------- Llama Series Pre-training (by Chinchilla's Law) Llama Series Pre-training (by Chinchilla's Law)
6 x 107 \\ —:= AdamW
S 4x 10" N ® AdamW
= \\Q ===- Adam-mini
S i \.. ® Adam-mini
g — AdAMW-60-4-39M = ‘\
—_ — AdamW.-Ge-4-67M £ 3x 10 b\
§ 4% 10— AdamW-Be-4-102M w2
= — AdamW-Ge-4-162M © b\
.g — AdamW-Ge-4-271M E \\
| — AdamW-2e 418 - ~
= Adam-mini-Ge-1-30M = N
Adam-mini-6e-4-67TM = .
3x 1071 — - Adam-mini-Ge-4-102M [ ~N
- =  Adam-mini-Ge-4-162M \\
- Adam-mini-6e-4-271M ~
- Adam-minl-2e-4-18 b
2x10"
107 10" 10° 1010

1015 10t 10 107 1 10

FLOPs (log) Parameters (log)

(a) Scaling laws 1n terms of compute (b) Scaling laws in terms of parameters

Figure 11: (a, b): Scaling laws of Adam-mini. We pre-train Llama 2 architectures by Chinchilla’s law. For all
models sized from 39M to 1B, Adam-mini’s loss curves are consistently similar to AdamW, but Adam-mini uses
50% less memory. Further, as shown in (b), Adam-mini reaches a lower final loss than AdamW for all models.
The fitted lines in (b) suggest that Adam-mini can be scaled up to larger models (if the scaling law holds).

Adam-mini’s loss curves closely resembles AdamW'’s

Adam-mini performs well using the same hyperparameter as AdamW

<25>
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Evaluation: Memory & Throughput

Table 1: Memory cost of AdamW v.s. Adam-mini.

Calculation is based on £1o0at 32, which is a standard
choice for optimizer states.
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Table 2: Throughput (1) test on 2x A800-80GB GPUs
for Llama 2-7B pre-training. Xmeans out of memory.
GPU hours (] ) to pre-train Llama 2-7B with the optimal
token amount by Chinchila’s law.

Model Optimizer | Memory (GB)
GPT-2-1.5B AdamW 12.48
GPT-2-1.5B | Adam-mini | 6.24 (50% /)
Llama 2-1B AdamW 8.80
Llama 2-1B | Adam-mini | 4.40 (50% /)
Llama 2-7B AdamW 53.92
Llama 2-7B | Adam-mini | 26.96 (50% /)
Llama 3-8B AdamW 64.24
Llama 3-8B | Adam-mini | 32.12 (50% J)
Llama 2-13B AdamW 104.16
Llama 2-13B | Adam-mini | 52.08 (50% J)

Optimizer | bs_per_GPU | total_bs | Throughput (1)

Adam-mini 4 ’ 256 | 5572.19 (T 49.6%)
AdamW 2 256 X
AdamW 1 256 3725.59
Optimizer | # Tokens (B) | GPU hours (h) (1)
AdamW 1 74.56
Adam-mini 1 49.85 (] 33.1%)
AdamW 70 5219.16
Adam-mini 70 3489.55 (| 33.1%)
AdamW 140 10438.32
Adam-mini 140 6979.10 (| 33.1%)

Compared to AdamW, Adam-mini saves 50% memory,

has 49.6% higher throughput.

Center of Machine Learning Research
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Summary of Adam-mini
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Efficiency:
» Memory: Less memory usage of optimizer state: 2mn (M; + V;) - mn (M;)
» Hyperparameter: Performs well using the same hyperparameter as AdamW

» Computation: Substitute vector operations like sqrt & div by scalar operation

Center of Machine Learning Research < 27>
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Second-order Methods

» Non-constrained Optimization Problem:

min f(x)
xcR"

» Taylor's Formula:

fxi+B) = (i) + V(x) B+ 5 Hixe)p

» Update Vector:

p;:Iewtou — H;lVf(XL)

Center of Machine Learning Research <28 >
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» Advantage of Second-order Methods: Curvature Calibration

Eigen Value Decomposition:

H, = QAQ

Then we have:
New — |
pr " = —QAT'Q V£(xx)

In the Eigenspace:

p=-A'Vf

Center of Machine Learning Research <29>



Second-order Methods

FSSIGN »
NEF T

PEKING UNIVERSITY
» However, it is always hard to get Hessian Matrix

» For Weight matrix W € R™*"  the Hessian Matrix is:

H = Rmnxmn
Computational complexity for H=1: 0(m3n3)

» For LLM with 1B parameters, the memory cost for Hessian Matrix is:

1018 elements x 8 bytes/element = 8x10'® bytes = 10°TB

The computational complexity for H=1 is: 1027 FLOP

Center of Machine Learning Research <30>
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» Can we decompose the Hessian Matrix?

> Kronecker Product: Given two matrices: 4 € R™" B € RP*4,

The Kronecker product of A and B, denoted A ® B, is defined as the block matrix:

allB algB s al.,lB
anB apB --- ap,B
A® B = : : , .
_a'm.lB am2B e amn‘B_

The resulting matrix A ® B has dimensions (mp) x (ng).

Center of Machine Learning Research <31>
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» Motivation: Exploits the structure of the parameter space

Parameter Space Structures in Machine Learning

Multiclass Problem Fully-connected Neural Convolutional Neural Network
Network Layer (CNN)
mXxn

W xxn

O
%
o
o

| I
(]
<
n mxn mxn
@ features @ classes ® weight parameter

Center of Machine Learning Research <32>



Shampoo

> Vector-form Second-order Method:
W,=W; 41— 77th?th
> Shampoo:
Li=pL; 1+ GtG:
R, =B8R, 1+ G, G,
Wi=W;_1 — 77tLt_1/4Gth

Center of Machine Learning Research

Memory Cost

0(m?n?)

0(m?)
0(n?)

1/4 0 (mn)
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Computational Cost

0(m3n3)

0(m?n)
0 (mn?)

0(m3 + n3 + m?n + mn?

<33>



Shampoo

F=E [ggT} = E |vec(G) Vec(G)T]

Center of Machine Learning Research <34 >



Shampoo

G = éx! e R™"

1 Al FAkronecker3fefRRY 4R

F =K [vec(G) VeC(G)T] — 4:[(513$T) X (55T)]

1 I x FISEES 6 MBEASEHRILUELLY “Jhsr”

F~E [:ch} R K [55T]

Center of Machine Learning Research <35>



Shampoo

E[GG"| =E[|z||?66"] E[G'G| =E[|é]*zz"]

1 IXIE. (1817 S75g RIS B

Ly =BL; 1+ (1 - B)GGY
R, = BR;1 + (1 — B)G; Gy

Center of Machine Learning Research < 36>



Shampoo

(LR '=L'@R!
vec(AXB") = (B® A) vec(X)

!

H 'vec(G) = (L ® R) 'vec(G) = vec(L 'GR ™)

!

Update Matrix = L !-G-R™!

Center of Machine Learning Research <37>



Shampoo

» Algorithm in matrix case & tensor case
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Algorithm 1 Shampoo, matrix case.

Injtia.lilc W] = 0'")(” - L() = eln) - R() = fln

fort=1..., T do
Receive loss function f; : R"™" — R
Compute gradient G, = Vf;(W;) /| G; € R™n

Update preconditioners:
L =L_+GG,

R( — R(-] + GIG(
Update parameters:

Wia = W, - ULIWGIR,-I/‘

Center of Machine Learning Research

Algorithm 2 Shampoo, general tensor case.
Initialize: Wi = Op,x...xn, 3 Vi € [k]: H} = €y,
fort=1,....T do:
Receive loss function f; : R™™ "7 — R
Compute G, =V f(W;) _ /] G, € R™* X"k
G, — G /| G; is preconditioned gradient
fori =1,....kdo:
H =H_ +G,’
51 — 51 Xi (H,i)-vzk
Update: Wi = W, —n(~;,

< 38 >
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» Experiment Results

30 o \ —— sgd(mom)
25 sdsgad \ -~ adagrad
- adam 3,4.6 —  adam
2 -
=20 3 -
o et
g
3 o 44
[ MW‘\_ o
<20 =
43
05
4.2
0 50 100 150 200 250 Ok 100k 200k 300k 400k 500k
epochs steps
Figure 3. Convergence of training loss for a 55-layer ResNet on Figure 4. Convergence of test loss for the Transformer model for
CIFAR-100. machine translation (Vaswani et al., 2017) on LM 1B.

Center of Machine Learning Research <41 >



Essence of Shampoo

» Eigen Decomposition: -
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L=QrALQ7 I
Update = Q.(A;"* QTGQr AL"HQE
N—_——
L 5 E G
A 1/4 el A 1/4 _ G
1 15T
diag(Ag)diag(A;}z)

Center of Machine Learning Research <42 >
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» QObservation: The variant of Shampoo is equivalent to running Adafactor in the eigenbasis provided

by Shampoo’s preconditioner

Algorithm 1 Single step of idealized Shampoo with power 1/2.

Algorithm 2 Single step of idealized Adafactor in Shampoo’s eigenspace.

: Sample batch B,.

G, € R™" « —Vyop,(W,)
L + Ez[GpGY] {Where the expectation is over a random batch B.}
R + E];[Gg(;g]

H« L ® R/Trace(L)

W, « Wie1 — nH='/2Gy = Wy—y — nL=2G,R=/2 [Trace(L

A A

)-1/2

Center of Machine Learning Research

— — P p—
)
)

B

t —°~°°°\'°‘U'~°-WN—

Gy QuGIQf
: Wy Wyoy — Gy’

: Sample batch B;.

(‘vl e Rmxn —VH’QB‘(“Q)

L «+ Ep[GpGE]

R « Ep[GEG 5]

QL + Eigenvectors(L)

Qr < Eigenvectors(R)

(" s QL (VIQR

{ldcallzcd version of code for Adafactor taking G} to be the gradient}
Gp QLCBQIf

A=Eg[Gp (";3]1,,, where G’y = Q1 GpQr
= ITEB [C O G,B]
Vi = S {Elcmcntwisc division}

G! RS
Gy « \/‘—‘ {Elementwise division and square root}
‘1€

{Projecting back to original space}

<44 >



SOAP
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» Inspiration: a broader design space for combining first and second order methods——running a

first-order method in the eigenbasis provided by a second-order method

Algorithm 3 Single step of SOAP for a m x n layer. Per layer, we maintain four matrices: L € R™*™ R ¢ R"*"
and V.M € R™*™  For simplicity we ignore the initialization and other boundary effects such as bias correction.
Hyperparameters: Learning rate 7), betas = (3, 35), epsilon ¢, and preconditioning frequency f.

An implementation of SOAP is available at https: //github.com/nikhilvyas/SOAP/tree/main,

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

i AU

Sample batch B;.
G € Rnlxu — _v“"(v")Bl(I"‘?l)
G’ QLGQx
M« M+ (1-5,)G
M+« QTMQp
{Now we “run”” Adam on G'}
V « BV + (1= 52)(G" ® G") {Elementwise multiplication }
N’ « M {Elementwise division and square root}
\/r}+c

{Now that we have preconditioned by Adam in the rotated space, we go back to the original space.}
N « QLN'Q%,
W« W —nN
{End of gradient step, we now update L and R and possibly also @, and Q. }
L+ BL+ (1 —=3)GGT
R+ BR+ (1 - %)GTG
if t % f = 0 then
QL <+ Eigenvectors(L,QL)
Qr < Eigenvectors(R,Qpg)
end if

Center of Machine Learning Research < 45>
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» Better robustness, Faster training

360m, 2m batch size, Preconditioning Frequency=10

3.4 3.4
3.3 3.3
3.2 3.2
@
3
= 3.1 31
®
=
3.0 3.0
I
2.9 2.9 :
' —————
1
1 I
2.8 2.8 1 .
800 1600 2400 3200 0.25 0.5 0.75 1.0
Training Steps Wall Time (scaled by AdamW)
— AdamW —— Shampoo — SOAP SOAP (shorter LR schedule)

Center of Machine Learning Research <46 >
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Muon: An Orthogonalization-Based Optimizer
for Deep Networks

Keller Jordan
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Motivation: Limitations of Standard Optimizers

» Standard view: parameters in deep learning are a long vector; we use

SGD/Adam/AdamW on this vector. But hidden layers are actually matrices.
» Empirical issue:
» Gradients/updates often have highly skewed singular values — poor conditioning

» Many directions updated very weakly — slow learning of rare / subtle patterns

» Question: can we design an optimizer that respects matrix structure and improves

conditioning?

Center of Machine Learning Research <48 >



Muon Update Rules:

> Qutline;

> Details:

Center of Machine Learning Research

Gt momen‘cum> Mt —n) Ut NS—ortho> Qt i} Wt+1.
Gradient: G; = VyL(W;),
Momentum: M; = M; 1+ (1 — ) Gy,
Raw update: U; = —n M;,

Orthogonalization:

Parameter update:

Qt = OrthoNs(Ut),
Wit1 = Wi+ aQy.
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Orthogonalization via K-step Newton—-Schulz:

» Newton—Schulz iteration performs a fast and low-cost approximate
orthogonalization of the target matrix. (SVD for parameter matrix is expensive.)

> How it works:

« & «

:

Ut @ $(x) = 2x — 1.5x° + 0.5x° . B
~GlF’ Q #(4(4(6(6(x)))))
Iterations: U®*) — qU® L pu®Wy® gk L o (uWy® y2y®)
k=0, . . K—1,

Initialization: U

Output: Q; = UE) ~ Orthons(Uy).

> (a,b,c)=(3.1415,4.7750,2.0315) ,N=5 for final Muon design.

Center of Machine Learning Research <50>



Why is it good to orthogonalize the update?

» What does orthogonalization in Muon do:

Let W; € R™*™ be the weight matrix at time step ¢, and G; be the gradient of
the loss function with respect to W;:

Gt - VWL(Wt)

The key idea is to apply an orthogonalization operator to U;. The polar decom-
position of a matrix G is given by:

G=QP

where () is a semi-orthogonal matrix and P is a symmetric positive semidefinite
matrix. The matrix () is the nearest orthogonal matrix to G.

= a min O-G
Q=arg min || |7

where O is any semi-orthogonal matrix. This is equivalent to:

Q=GG"G) 2

Center of Machine Learning Research
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Why is it good to orthogonalize the update?
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> Properties of orthogonalization:

> Orthogonalization forces the singular values of U, to be equal to 1, which
improves the conditioning of the update.

~

Singular values of U, : o;(Uy) =1 Vi

» Why is it good to orthogonalize the update?

» Updates produced by both SGD-momentum and Adam for the 2D parameters in
transformer-based neural networks typically are almost low-rank matrices, with
the updates for all neurons being dominated by just a few directions.

» Orthogonalization effectively increases the scale of other “rare directions” which

have small magnitude in the update but are nevertheless important for learning.

Center of Machine Learning Research <52>
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> NS Iteration and Extra FLOPs:

e Before the NS iteration is applied, Muon is just a standard SGD-momentum optimizer, so it has
the same memory requirement.

e For each nxm matrix parameter in the network, each step of the NS iteration requires 2(2nm?2+m?3)
matmul FLOPs.

e Therefore, the extra FLOPs required by Muon compared to SGD is at most 27'(2nm? +m?), where
T is the number of NS iterations (typically T' = 5).

» Extra computation rate:

e If the parameter parametrizes a linear layer, then the baseline amount of FLOPs used to perform
a training step (i.e., a forward and backward pass) is 6nmB, where B is the batch size in tokens.

e Therefore, the FLOP overhead of Muon is at moswhere m is the model dimension, B is
the batch size in tokens, and 7" is the number of NS iteration steps

Center of Machine Learning Research <53>
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Runtime Analysis of Muon

» NanoGPT overhead of using Muon:

e For the current NanoGPT speedrunning record, the model dimension is m = 768 and the number
of tokens per batch is B = 524288.

e Therefore, the overhead of using Muon is %

» Llama 405B overhead of using Muon:

e For Llama 405B training, the model dimension is m = 16384 and the number of tokens per batch
is reported to be B = 16000000.

e Therefore, the overhead of using Muon for this training would be 210582

Center of Machine Learning Research <54 >



Muon Empirical Results (Jordan)

I
- Optimizer comparison by tokens (NanoGPT speedrun)
—— Adam 139ms/step
4.0 4 —— DistributedShampoo (UpdateFreq=10) 179ms/step
—— DistributedShampoo (UpdateFreq=32) 154ms/step
3.9 A1 —— SOAP* 301ms/step
—— Muon 142ms/step
7 3.8 1
o
S 3.7
2
©
2 3.6 1
S
3.5 1
3.4
3.3 4
0.0 0.5 1.0 1.5 2.0 2:5
Training tokens le9

*SOAP is under active development. Future versions will significantly improve the wallclock overhead.

Fig1: Improved the speed record for training
to 3.28 val loss on FineWeb (a competitive
task known as NanoGPT speedrunning) by a
factor of 1.35x.

Center of Machine Learning Research
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Optimizer comparison by time (NanoGPT speedrun)

4.1

—— Adam 139ms/step
4.0 A —— DistributedShampoo (UpdateFreq=10) 179ms/step
—— DistributedShampoo (UpdateFreq=32) 154ms/step
3.9 1 —— SOAP* 301ms/step
—— Muon 142ms/step
A 3.8 1
o
S 3.7
2
©
2 3.6
©
>
3.5 1
3.4
3.3 1

T T T

0 5 10 1I5 20 25
Wallclock time on 8xH100

*SOAP is under active development. Future versions will significantly improve the wallclock overhead.

Fig2: Optimizer comparison by wallclock
time.
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Muon Empirical Results (Kimi)

Table 4: Comparison of different models at around 1.2T tokens.

3071 Benchmark (Metric) DSV3-Small Moonlight-A@1.2T Moonlight@1.2T
29— g Activated Params' 2.24B 2.24B 2.24B
* ek Total Params' 15.29B 15.29B 15.29B
2.8 S~ b Training Tokens 1.33T 1.2T 1.2T
b x o Optimizer AdamW AdamW Muon
! S| PRk MMLU 53.3 60.2 60.4
i i ML Enelih, MMLU-pro - 26.8 28.1
§2° e | [ K, &1 BBH 41.4 45.3 432
s Pl | S TriviaQA - 57.4 58.1
2.5 “% Sk
i S Code HumanEval 26.8 29.3 37.2
Y ‘W X MBPP 36.8 49.2 52.9
b S, GSMSK 31.4 43.8 45.0
55 0.519x FLOPs t\\ Pk Math MATH 10.7 16.1 19.8
' 2 CMath - 57.8 60.2
bk . C-Eval - 57.2 59.9
2 Zom 109 107 Chinese v ; 58.2 58.8

PFLOP/s-d :
s T The reported parameter counts exclude the embedding parameters.

Fig1: Muon uses ~ 52% less computational Table4: Moonlight(trained by Muon) performs

cost (FLOPs) during training compared to significantly better than Moonlight-A(trained by

Adam optimizer in LIama architechture. AdamW), proving the scaling effectiveness of
Muon. We observed that Muon especially
excels on Math and Code related tasks.
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Motivations: Challenges in Large-Scale LLM Training ﬂtfiéf’

» AdamW uses only first-order gradients, while Loss landscape is highly anisotropic.
» Some directions: high curvature
» Others: flat 5ignGD

» Uniform step sizes cause:

» Instability in steep directions

> Slow progress in flat directions

D

Fig: The motivating toy example. 8[1] is the sharp dimension and 0[2] is the flat dimension. GD’s learning rate
is limited by the sharpness in 8[1], and makes slow progress along 6[2]. Adam and SignGD bounce along 06[1]
while making slow progress along 6[2]. Vanilla Newton’ s method converges to a saddle point. Sophia
makes fast progress in both dimensions and converges to the minimum with a few steps.
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Motivations: Need for Second-Order Information

» Second-order curvature helps scale updates per coordinate, but Full Hessian is
impossible to compute or store.
» Size = O(n?) for n parameters.
» Inverting or factorizing Hessian is infeasible.
» (Goal: Use curvature approximation that is:
» Informative
» Cheap
» Stable and simple like AdamW

Center of Machine Learning Research <59>



Preconditioner Estimation
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» ldea: Use Hessian Diagonal as Preconditioner
» Approximates curvature per parameter dimension

» Scales updates as:

» Large curvature — smaller update

» Small curvature — larger update

» However, computing the Hessian directly is too expensive, so we use an

approximation.

Center of Machine Learning Research <60 >
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Preconditioner Estimation: Efficient Estimators for Hessian Diagonal

» Option 1: Hutchinson Estimator
» Uses random vectors v to approximate diag(H)
> Option 2 : Gauss—Newton—Bartlett Estimator

» Uses gradients/Jacobians instead of Hessian

» Update every k steps, not every step.
» Maintain EMA smoothing for stability.

Center of Machine Learning Research <61>
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How to estimate Hessian Diagonal?

» Option 1: Hutchinson Estimator

Algorithm 1 Hutchinson(#)

}AL —u® (v%(g)u) 1: Input: parameter 6.
R 2: Compute mini-batch loss L(6).
]E[h] = diag(VQK(H)) 3: Draw u from N (0,1,).

4: return v ® V((VL(0),u)).

» Remark: The H-method only needs to compute the Hessian-vector product, which

makes it efficient.
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How to estimate Hessian Diagonal?

» Option 2: Gauss—Newton—Bartlett Estimator
» The core idea of GNB is to estimate the Hessian diagonal (or, more precisely, the

diagonal of its Fisher information) using the element-wise squared gradient.

Algorithm 2 Gauss-Newton-Bartlett(0)

1: Input: parameter 6.

2: Draw a mini-batch of input {z;}2_;.

3: Compute logits on the mini-batch:
{f(ea xb)}szl'

4: Sample g, ~ softmax(f (6, zs)), Vb € [B].

5. Calculate g = V(1/B>_4(f(6,xp),p))-

6: return B - g ©® g.

Center of Machine Learning Research <63>



GNB: Why Can the Squared Gradient Represent 2nd-Order
Curvature?
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» We consider the log-likelihood:

log po(y | z)
> Negative log-likelihood (NLL):

U(6;z,y) = —logps(y | z)
> Define the score (the gradient of the log-likelihood) as:
s(0) = Vologpa(y | z).
» Then the gradient of the NLL is:
Vol(0;z,y) = —s(0).

Center of Machine Learning Research <64 >



GNB: Why Can the Squared Gradient Represent 2nd-Order
Curvature?
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> Bartlett Identity:
» Under mild regularity conditions, the Bartlett identity states that, for data drawn from

the model’s own distribution (i.e., y ~ pg(- | z)),

Ey~p(s(0)] = 0, oy ~py [S(H)S(H)T} = —Eyp, [Vg log po(y | 37)} :

» Rewriting in Terms of the NLL.:
Eyp [Vol Vol '] = Eyp, [Val] .

> Interpretation: This means when labels are sampled from the model distribution, the

expected Hessian equals the expected gradient outer product.

Center of Machine Learning Research < 65>



GNB: Why Can the Squared Gradient Represent 2nd-Order
Curvature?
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» Therefore, a very natural estimator for the Hessian diagonal is:
diag(V3l) ~ E[(Vel) ® (Vel)],

where (O denotes element-wise multiplication.

Center of Machine Learning Research < 66 >
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We consider a conditional probabilistic model py(y | ), where z is treated as fixed and § € R% denotes
the model parameters. Define the score function as

s(0;y,z) := Vglogpe(y | z).

All expectations below are taken with respect to y ~ pg(: | ).

Regularity assumptions. We assume that:
e py(y | z) is sufficiently smooth in 6;
e differentiation and integration (or summation) can be interchanged;

e the support of py(y | ) does not depend on 6.

Center of Machine Learning Research <67 >
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Bartlett Identity: Mathematical Derivation

[ First identity: E[s(0)] = 0.] Since py(y | ) is a conditional probability distribution, it satisfies

/Po(y | z)dy = 1.

Taking the gradient with respect to 8 yields

Vg/pg(y | z)dy = Vg1 = 0.

Under the regularity assumptions, we may interchange differentiation and integration:

/ Vepe(y | z)dy = 0.

Center of Machine Learning Research <68 >
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Using the identity
Vopg(y | ©) = po(y | ) Vg logpe(y | x),

we obtain

/Po(y | z) s(0;y,x) dy = 0,

which implies

Eyrpo [5(95 Y x)] = 0.

Center of Machine Learning Research < 69>



Bartlett Identity: Mathematical Derivation ANEEES

PEKING UNIVERSITY

[ Second identity: E[s(6)s(0)"] = —E[V2Zlogps). ] We start from the second derivative of the log-
likelihood:

Vopo(y | x)
po(y|x)

Vologpe(y | ) =

Taking another derivative with respect to 6 gives
Vipe(y | z)  Vops(y | x) Vepe(y | z)"
po(y | ) po(y | z)?

VZlogpe(y | z) =

Noting that
Vops(y | z)

= Vylogp z) = s(0;y, ),
ool 15 ologpe(y | ) = s(0;y,x)

we can rewrite the above as

Vgpo(y | z)
po(y | z)

Vilogpe(y | z) = — s(6;y,z)s(6;y,) .

Center of Machine Learning Research <70>
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Bartlett Identity: Mathematical Derivation

Multiplying both sides by ps(y | ) and integrating over y, we obtain
[ w12 Vitogpaly | )y = [ Vimo(y |2y~ [ poly | z)s(6:v, 2)s(639, )" dy.
The first term on the right-hand side satisfies
/Vepo y|z)dy = Ve/Po(y | z)dy = V51 =0.

Therefore,
Eynps [Vg log po(y | 37)] = —Ey~p, [S(H;y,w)S(H;y, x)T],

or equivalently,

Eymp, [5(8;y,2)5(0;9,2) " | = —Eyp, [V logpe(y | 2)].

Center of Machine Learning Research <71>
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Negative log-likelihood form. Let ¢(0;y,z) = —logpy(y | z). Then
Vol = —s(6), V3L = —V3 log pe.

Hence, the Bartlett identity can be written as

E[VetVel'] = E[V3Y],

which underlies the Gauss—Newton—Bartlett estimator used in second-order optimization methods.

Center of Machine Learning Research <72>
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Algorithm 3 Sophia

1: Input: 6y, learning rate {n;}._,, hyperpa-
rameters \, v, 51, B2, €, and estimator choice
Estimator € {Hutchinson, Gauss-Newton-
Bartlett}

2: Setmy=0,v9=0,h1_r =0

3: fort =1to 7T do

Compute minibach loss L(6;).

Compute g; = VL;(6;).

my = Bimi—1 + (1 — B1)gt ]\
if t mod k = 1 then

Compute h; = Estimator(6;).
[ hi = Bohi—k + (1 — B2)
10 else
11: ht = hi_1
12: 0; = 0; — nt)\ﬁt (Welght decay)

13: 0t+1 =0; — U Chp(mt/ma.x{’y - Py, 6}, 1)

Adam-like Momentum Term

¥ o N oy B
)
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Sophia Update Rule
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» Core Update Formula:

1)

0;.1 =0, —n; - cli
Lahl 6 e Clp(max('yht,e)’

> Notations:

my: EMA of gradients
h;: EMA of Hessian diagonal estimate
7y: curvature scaling factor

€: numerical stability

» Interpretation:
» Hessian diagonal acts as adaptive step size
» Each coordinate has its own curvature-aware scaling

» Update stabilizer: max(vyhy,€)

Center of Machine Learning Research <74 >
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Per-coordinate Clipping

» Why Needed?
» Hessian estimates are noisy
» High variance may produce excessively large updates
» Solution: Per-coordinate Clip
» Bound each coordinate’s update:
lu;| <1

» In practice: ensures stable training even with imperfect curvature

Center of Machine Learning Research <75>
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Experiments

(b) GPT-2 Medium (355M) (c) GPT-2 Large (770M) (d) GPT NeoX, 1.5B

3.4 I AdamW, 100K 32§ . AdamW, 100K 2.8 --- AdamW, 200k
o — AdamW, 200K o 31 —— AdamW, 200K 927 — AdamW, 400k
CEX: —— Lion, 200K 930 —— Sophia-H, 100K  S2.6 — Sophia-G, 200k
15 3.0 —— Sophia-H, 100K S2.9 — Sophia-G, 100K & 25
© —— Sophia-G, 100K =28 ©
% 2.8 . =57 % 24
8 ,\.,,5,.* D rrdornne. §2'6 =23

2.6 2x Speedup 5 s ' 2x Speedup 2.2 2x Speedup

0.0 59.75 119.5 179.25 239.0 0K 50K 100K 150K 200K OK 100K 200K 300K 400K
Compute / exaFLOPs Number of Steps Number of Steps

(b) GPT-2 Medium (355M). (c) GPT-2 Large (770M). (d) GPT NeoX 1.5B. Across all model

sizes, Sophia achieves a 2x speedup.
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Summary

» Sophia is designed to:
» Use informative second-order curvature (diagonal Hessian)
» Maintain very low computation cost
» Remain stable via per-coordinate clipping
» Achieve faster convergence than AdamW in large-scale models
» Key innovation:

» A practical second-order optimizer with LLM-scale compatibility.
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