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Recall: Memory Consumption in LLM Training

< 2 >

Ø Memory = Model + Gradient + Optimizer States + Activation

Ø Adam’s Cost:

Model Parameter – Φ

Gradient - Φ

Optimizer States (First & Second moment) - 2Φ

Ø Consequence:

The 7B-pretrained model(BF16) requires 28GB of Adam optimizer states.

Goal: Decrease optimizer states while maintaining performance
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Start with Adam: Destructing Adam’s Redundancy

< 3 >

Ø Adam Update Rule:

𝑾𝒕"𝟏 = 𝑾𝒕 − 𝜼
𝑴𝒕

𝑽𝒕 + 𝝐

where W$ ∈ Rm×n is weight matrix, M% ∈ Rm×n is momentum, 

V$ ∈ Rm×n is second moment as adaptive learning rate (Preconditioning)

Ø Question: 

1. Is it necessary to maintain an adaptive learning rate for each components in W$?

2. If not, how should the adaptability(𝑽𝒕) be arranged?
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Adafactor

< 4 >



Center of Machine Learning Research

Adafactor: Factorize V𝒕 

< 5 >

Ø Assumption: 

V$ ∈ Rm×n is low-rank, i.e. V$ ≈ 𝑅$ ⋅ 𝐶$,

where 𝑅$ ∈ Rm×1, 𝐶$ ∈ R1×n

Ø Motivation:

Decrease the memory of optimizer states by storing 𝑹𝒕 & 𝑪𝒕 instead of V𝒕
Ø Memory Saving Results:

O(mn) → O(m+n)
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Adafactor: How to derive rank-1 factorization?
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Ø Objective: Minimize Generalized KL-Divergence (I-Divergence)

𝐷(𝑉 | 𝑅𝐶 ==
&,(

𝑉&(𝑙𝑜𝑔
𝑉&(
𝑅&𝐶(

− 𝑉&( + 𝑅&𝐶(

Ø Constraints:

𝑅& ≥ 0, 𝐶( ≥ 0
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Adafactor: How to derive rank-1 factorization?
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Ø Solution (Closed-form):

𝑅 = 𝑉 ⋅ 1), C = *!" ⋅,
*!" ⋅,⋅*#
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Proof of Theorem
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Proof of Theorem

< 9 >
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Adafactor：Removing Momentum
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Ø Motivation：Further save the memory of momentum – Φ

Ø Pseudo-code:

Rank-1 Factorization of V𝒕 

Discard Momentum
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Summary of Adafactor
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Ø Pros:

Less memory usage of optimizer state: 2mn (𝑀$ + 𝑉$) → m+n (𝑅$ + 𝐶$)

Ø Cons:

Approximation Error: V𝒕 is not always of rank 1 → Slow convergence

Throughput Cost: Factorize V𝒕 and compute RMS increase computation cost

Ø Result:

In order to achieve better performance, momentum M𝒕 is re-introduced to the 

actual use of Adafactor, sacrificing memory to gain faster convergence speed. 



Center of Machine Learning Research

Adam-mini

< 14 >
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Adam-mini: Start from Pre-conditioning Perspective

< 15 >

Ø Critique of Adafactor:

It assumes 𝑽𝒕 is rank-1. The assumption lacks observation to support.

→ Need to investigate NN’s structure!

Ø View Adam as Pre-conditioning method:

𝑤$"* = 𝑤$ − 𝜂$𝐷$𝑚$

where 𝐷$ = 𝐷𝑖𝑎𝑔 *
-$

is the pre-conditioning matrix

The ideal pre-conditioning matrix is Hessian’s inverse 𝐻.*

Need to inspect NN’s Hessian structure!
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Adam-mini: Hessian is near-block-diagonal
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Adam-mini: How is Adam’s pre-conditioning effect?

< 17 >

𝜏 = ∑% |1&,%,%|
∑%.) |1&,%,)|

: the degree of dominance of diagonal elements

𝑟 = 2 3*+,#1&
2 1&

: the pre-conditioning effect of Adam
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Adam-mini: Case study of Adam’s pre-conditioning effect

< 18 >

Conclusion:

Ø For dense Hessian case, Adam is far inferior to optimal single-learning-rate. 

Ø For block-diagonal Hessian case, Adam surpasses optimal single-learning-rate
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Adam-mini: Observation Summary
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Ø For Q1:

Under near-block-diagonal Hessian structure, Adam’s maintaining an 

adaptive learning rate(𝑽𝒕) for each components in W$ involves redundancy.

Ø For Q2:

For each dense sub-block of Hessian, carefully chosed single learning 
rate is good enough.

Ø (Recall) Question: 

1. Is it necessary to maintain an adaptive learning rate for each components in 𝑊$?

2. If not, how should the adaptability(𝑽𝒕) be arranged?
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Adam-mini: Hessian based Transformer Partition Strategy

< 20 >

Use Hessian information to patition variables into groups:

Ø Query/Key: Head-wise

Weight components in the same head as a block.
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Adam-mini: Hessian based Transformer Partition Strategy

< 21 >

Use Hessian information to patition variables into groups:

Ø attn.proj/MLP: Neuron-wise

Weight components in the same row as a block
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Adam-mini: Hessian based Transformer Partition Strategy

< 22 >

Use Hessian information to patition variables into groups:

Ø Embedding/Output: Token-wise

Embedding – Each word vector as a block
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Adam-mini: How to set learning rate?
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Ø Why lr = mean(g ⊙ g) ?

1. Convenience

2. Best among common statistics
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Adam-mini

< 24 >

Partition blocks 
based on Hessian

Single lr for a sub-block
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Evaluation: Scaling Law
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Adam-mini’s loss curves closely resembles AdamW’s

Adam-mini: Use Fewer Learning Rates to Gain More, ICLR 2025.

Adam-mini performs well using the same hyperparameter as AdamW
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Evaluation: Memory & Throughput
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Compared to AdamW, Adam-mini saves 50% memory, 
has 49.6% higher throughput.
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Summary of Adam-mini
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Efficiency:

Ø Memory: Less memory usage of optimizer state: 2mn (𝑀$ + 𝑉$) → mn (M$)

Ø Hyperparameter: Performs well using the same hyperparameter as AdamW

Ø Computation: Substitute vector operations like sqrt & div by scalar operation 
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Second-order Methods
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Ø Non-constrained Optimization Problem:

Ø Taylor’s Formula:

Ø Update Vector:
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Second-order Methods
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Ø Advantage of Second-order Methods: Curvature Calibration

Eigen Value Decomposition:

Then we have:

In the Eigenspace:
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Second-order Methods
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Ø However, it is always hard to get Hessian Matrix

Ø For Weight matrix 𝑊 ∈ ℝ!×#, the Hessian Matrix is:

𝐻 ∈ ℝ)4×)4

Computational complexity for 𝐻$%: 𝑂(𝑚&𝑛&)

Ø For LLM with 1B parameters, the memory cost for Hessian Matrix is: 

10%' 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 × 8 𝑏𝑦𝑡𝑒𝑠/𝑒𝑙𝑒𝑚𝑒𝑛𝑡 = 8×10%' 𝑏𝑦𝑡𝑒𝑠 = 10(𝑇𝐵

The computational complexity for 𝐻$% is: 10)* 𝐹𝐿𝑂𝑃
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Second-order Methods
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Ø Can we decompose the Hessian Matrix?

Ø Kronecker Product: Given two matrices: 𝐴 ∈ ℝ!×#, 𝐵 ∈ ℝ+×,,
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Shampoo

< 32 >

Ø Motivation: Exploits the structure of the parameter space
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Shampoo
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Ø Shampoo：

Ø Vector-form Second-order Method:

𝑾𝒕 = 𝑾𝒕"𝟏 − 𝜂$𝑯𝒕
"𝟏𝑮𝒕

Memory Cost          Computational Cost

𝑂(𝑚)) 𝑂(𝑚)𝑛)

𝑂(𝑛)) 𝑂(𝑚𝑛))

𝑂(𝑚𝑛) 𝑂(𝑚& + 𝑛& +𝑚)𝑛 + 𝑚𝑛))

𝑂(𝑚)𝑛)) 𝑂(𝑚&𝑛&)
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Shampoo

< 34 >
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Shampoo
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利用kronecker乘积的性质

认为输入 𝑥和误差信号 𝛿的联合统计可以近似为“独立”
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Shampoo

< 36 >

||x||²、||δ||² 与方向统计可以分离
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Shampoo

< 37 >
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Shampoo

< 38 >

Ø Algorithm in matrix case & tensor case
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Shampoo

< 41 >

Ø Experiment Results
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Essence of Shampoo

< 42 >

Ø Eigen Decomposition：
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SOAP
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Ø Observation: The variant of Shampoo is equivalent to running Adafactor in the eigenbasis provided 

by Shampoo’s preconditioner
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SOAP

< 45 >

Ø Inspiration: a broader design space for combining first and second order methods——running a 

first-order method in the eigenbasis provided by a second-order method
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SOAP

< 46 >

Ø Better robustness, Faster training



Muon: An Orthogonalization-Based Optimizer 
for Deep Networks

Keller Jordan    
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Motivation: Limitations of Standard Optimizers

< 48 >

Ø Standard view: parameters in deep learning are a long vector; we use 

SGD/Adam/AdamW on this vector. But hidden layers are actually matrices.

Ø Empirical issue:

Ø Gradients/updates often have highly skewed singular values → poor conditioning

Ø Many directions updated very weakly → slow learning of rare / subtle patterns 

Ø Question: can we design an optimizer that respects matrix structure and improves 

conditioning?
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Muon Update Rules:

< 49 >

Ø Outline:

Ø Details:
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Orthogonalization via K-step Newton–Schulz:

< 50 >

Ø Newton–Schulz iteration performs a fast and low-cost approximate 

orthogonalization of the target matrix. (SVD for parameter matrix is expensive.)

Ø How it works:

Ø (a,b,c)=(3.1415,4.7750,2.0315) ,N=5 for final Muon design. 
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Why is it good to orthogonalize the update?

< 51 >

Ø What does orthogonalization in Muon do:
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Why is it good to orthogonalize the update?

< 52 >

Ø Properties of orthogonalization:

Ø

Ø Why is it good to orthogonalize the update?

Ø Updates produced by both SGD-momentum and Adam for the 2D parameters in 

transformer-based neural networks typically are almost low-rank matrices, with 

the updates for all neurons being dominated by just a few directions. 

Ø Orthogonalization effectively increases the scale of other “rare directions” which 

have small magnitude in the update but are nevertheless important for learning. 
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Runtime Analysis of Muon

< 53 >

Ø NS Iteration and Extra FLOPs:

Ø Extra computation rate:
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Runtime Analysis of Muon
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Ø NanoGPT overhead of using Muon:

Ø Llama 405B overhead of using Muon:



Center of Machine Learning Research

Muon Empirical Results (Jordan)
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Fig1: Improved the speed record for training 
to 3.28 val loss on FineWeb (a competitive 
task known as NanoGPT speedrunning) by a 
factor of 1.35x.

Fig2: Optimizer comparison by wallclock 
time.
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Muon Empirical Results (Kimi)

< 56 >

Fig1: Muon uses ～52% less computational 
cost (FLOPs) during training compared to 
Adam optimizer in Llama architechture. 

Table4: Moonlight(trained by Muon) performs 
significantly better than Moonlight-A(trained by 
AdamW), proving the scaling effectiveness of 
Muon. We observed that Muon especially 
excels on Math and Code related tasks.



Sophia: A Scalable Stochastic Second-order Optimizer
for Language Model Pre-training
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Motivations: Challenges in Large-Scale LLM Training

< 58 >

Ø AdamW uses only first-order gradients, while Loss landscape is highly anisotropic.

Ø Some directions: high curvature

Ø Others: flat

Ø Uniform step sizes cause:

Ø Instability in steep directions

Ø Slow progress in flat directions

Fig: The motivating toy example. θ[1] is the sharp dimension and θ[2] is the flat dimension. GD’s learning rate 
is limited by the sharpness in θ[1], and makes slow progress along θ[2]. Adam and SignGD bounce along θ[1] 
while making slow progress along θ[2]. Vanilla Newton’s method converges to a saddle point. Sophia 
makes fast progress in both dimensions and converges to the minimum with a few steps.
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Motivations: Need for Second-Order Information

< 59 >

Ø Second-order curvature helps scale updates per coordinate, but Full Hessian is 

impossible to compute or store.

Ø Size = O(n²) for n parameters.

Ø Inverting or factorizing Hessian is infeasible.

Ø Goal: Use curvature approximation that is:

Ø Informative

Ø Cheap

Ø Stable and simple like AdamW
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Preconditioner Estimation

< 60 >

Ø Idea: Use Hessian Diagonal as Preconditioner

Ø Approximates curvature per parameter dimension

Ø Scales updates as:

Ø Large curvature → smaller update

Ø Small curvature → larger update

Ø However, computing the Hessian directly is too expensive, so we use an 

approximation.
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Preconditioner Estimation: Efficient Estimators for Hessian Diagonal

< 61 >

Ø Option 1: Hutchinson Estimator

Ø Uses random vectors v to approximate diag(H)

Ø Option 2 : Gauss–Newton–Bartlett Estimator

Ø Uses gradients/Jacobians instead of Hessian

Ø Update every k steps, not every step.

Ø Maintain EMA smoothing for stability.
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How to estimate Hessian Diagonal?  

< 62 >

Ø Option 1: Hutchinson Estimator

Ø Remark: The H-method only needs to compute the Hessian-vector product, which 

makes it efficient.
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How to estimate Hessian Diagonal?  

< 63 >

Ø Option 2: Gauss–Newton–Bartlett Estimator

Ø The core idea of GNB is to estimate the Hessian diagonal (or, more precisely, the 

diagonal of its Fisher information) using the element-wise squared gradient.
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GNB: Why Can the Squared Gradient Represent 2nd-Order 
Curvature?

< 64 >

Ø We consider the log-likelihood:

Ø Negative log-likelihood (NLL):

Ø Define the score (the gradient of the log-likelihood) as:

Ø Then the gradient of the NLL is:
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GNB: Why Can the Squared Gradient Represent 2nd-Order 
Curvature?

< 65 >

Ø Bartlett Identity:

Ø Under mild regularity conditions, the Bartlett identity states that, for data drawn from 

the model’s own distribution 

Ø Rewriting in Terms of the NLL:

Ø Interpretation: This means when labels are sampled from the model distribution, the 

expected Hessian equals the expected gradient outer product.
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GNB: Why Can the Squared Gradient Represent 2nd-Order 
Curvature?

< 66 >

Ø Therefore, a very natural estimator for the Hessian diagonal is:

where ⊙ denotes element-wise multiplication.
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Bartlett Identity: Mathematical Derivation

< 67 >
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Bartlett Identity: Mathematical Derivation
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Bartlett Identity: Mathematical Derivation
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Bartlett Identity: Mathematical Derivation
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Bartlett Identity: Mathematical Derivation
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Bartlett Identity: Mathematical Derivation

< 72 >
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Sophia Update Rule

< 73 >

Adam-like Momentum Term
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Sophia Update Rule

< 74 >

Ø Core Update Formula:

Ø Notations:

Ø Interpretation:

Ø Hessian diagonal acts as adaptive step size

Ø Each coordinate has its own curvature-aware scaling

Ø Update stabilizer:
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Per-coordinate Clipping

< 75 >

Ø Why Needed?

Ø Hessian estimates are noisy

Ø High variance may produce excessively large updates

Ø Solution: Per-coordinate Clip

Ø Bound each coordinate’s update:

Ø In practice: ensures stable training even with imperfect curvature
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Experiments

< 76 >

(b) GPT-2 Medium (355M). (c) GPT-2 Large (770M). (d) GPT NeoX 1.5B. Across all model 

sizes, Sophia achieves a 2x speedup.
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Summary

< 77 >

Ø Sophia is designed to:

Ø Use informative second-order curvature (diagonal Hessian)

Ø Maintain very low computation cost

Ø Remain stable via per-coordinate clipping

Ø Achieve faster convergence than AdamW in large-scale models

Ø Key innovation:

Ø A practical second-order optimizer with LLM-scale compatibility.


