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Scaling Laws for Large Language Models
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LLM Performance vs. Model Size

NIp
LD
S A
< &
A’?

1598

60M parameters

130M parameters

1B parameters

: .
10-0 10

Compute (PF-days)

Line color indicates
number of parameters

108 108 100

Compute-efficient
training stops far
short of convergence

ezt ¥

PEKING UNIVERSITY

LLM
performance
improves as
parameters

get large

Evaluated across models of different scales
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Scaling Laws for Large Language Models

[OpenAl, Scaling Laws for Neural Language Models, 2020]
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« LLM performance is largely independent of specific architecture

« Performance improves primarily with increases in data, parameters, and compute

 Loss scales as a power law with data, parameters, and compute

Center of Machine Learning Research
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Scaling Laws as a Foundation of ChatGPT’s Success

GPT-2,1.5B parameters, 2019 GPT-3, 175B parameters, 2020
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« GPT-2 (2019) scaled far beyond BERT in parameters, yet underperformed in practice
« OpenAl exploited scaling laws to build 175B-param GPT-3, launching the large-model era

« Consensus: Large model + Large data + Large compute = High intelligence

Center of Machine Learning Research <6>



Scaling Laws Drive Rapid Growth in Computations for LLMs ez ¥
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LLaMA-3 on 20,000 GPUs cluster

Training and inference costs To train our largest Llama 3 models, we combined three types of parallelization: data
rise sh arply parallelization, model parallelization, and pipeline parallelization. Our most efficient
implementation achieves a compute utilization of over 400 TFLOPS per GPU when trained
Cost grows on 16K GPUs simultaneously. We performed training runs on two custom-built 24K GPU
clusters. To maximize GPU uptime, we developed an advanced new training stack that
- computation — automates error detection, handling, and maintenance. We also greatly improved our

Massive clusters

Computation grows

Increasing parameters and data

Al computing clusters wille to1 million chips
and there are no physical laws preventing.it...

Scaling law

Growing demand for better XAl built cluster with 100K GPUs Jensen Huang: Al compute
LLM performance clusters will scale up to 1M chips

Center of Machine Learning Research Key que8tion: HOW to save comPUtationS?
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Scaling Laws Drive Rapid Growth in Computations for LLMs

Training and inference costs
rise sharply

Cost scaling

Dramatic computation cost;
Massive clusters
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Scaling law

Growing demand for better
LLM performance
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Approach 1: Design new architectures or optimizers
and explore novel scaling laws

¥

Approach 2: Computation-efficient training methods
driven by implicit structures inside models

Approach 3: Develop new hardware (e.g., SuperNodes)
to reduce training and inference costs
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[Muon is Scalable for LLM Training]

Muon cuts the computation by half

Smart optimizer === Better scaling

This talk focuses on Optimizers

<8>
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LLM Pretraining is Essentially Solving Stochastic Optimization Muf

 The model weights in neural networks are a set of matrices W = {W,}L_,

(with
\\dropout)

Wi Ws Ws o .-

er“
o=z==9 ,\"1/ “"‘Q -
INPUT nl channels nl channels n2 channels n2 channels ““ E ' 9
(28 x 28 x 1) (24 x 24 x n1) (12x12 x nl) (8x8xn2) (4x4xn2) ‘/ ¢ OUTPUT
n3 units

« Let h(W;¢) be the language model; g = h(W;€) is the predicted token

cross entropy

1

W* = argmin {E¢op [L(R(W;€),y)]}

A N

data distribution pred. token real token

Center of Machine Learning Rescaiur
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LLM Pretraining is Essentially Solving Stochastic Optimization

* If we define € = (§,y) and F(W;¢) = L(h(W;¢€),y), the LLM problem becomes

Stochastic optimization: W™* = arg r%‘ifn {Ee¢p [F(W;58)]}

« Training neural network is extremely challenging due to its non-convexity

VGG-56 VGG-110

Optimizers for deep learning
must adapt to its landscape

[Visualizing the loss landscape of neural nets]

<11 >



LLM Loss Landscape
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A River Valley Loss Landscape
[Understanding Warmup-Stable-Decay Learning Rates: A River Valley Loss Landscape Perspective, 2024]

Simplified illustration
Loss Landscape

Trajectory Bouncing on Crucial Descent to
5 : Sharp Mountain Walls Flat Valleybed
Optimization (Elevated & Noisy Loss) (Major Loss Drop)

Trajectory _\ N A

\\ \?-
\\

Mountains
(Sharp Directions)

Slgnlflcént
Progress along
Flat Direction

S
~
~
~

Flat direction is critical for loss drop

~ \ "~ Steady State: Sharp direction results in oscillation

River Valley Calm Progression

(Flat Direction - Critical for Minima) " =" along Flat Valleybed
<12 >



How to Reduce Oscillation? Momentum and Precondition
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My = (1 — p1)Mg—_1+ 511Gy 2%

0 2 1 6 8 10

Wigt1 = Wi — v My ,
w 04 C SO0 OO~O505705=0=
* Provides inertia | g
1
« Stabilizes the trajectory
e 0 ) 1 6 N 10
wy
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How to Reduce Oscillation? Momentum and Precondition ANIFES]
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Without Precondition With Precondition
e Level Sets of flwy, w2) =2w? + 1w? evel Sets of fiwy, wz) =1w? +1w3
Precondition { t e T L L
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Adam = Momentum + Precondition ez X%
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* In LLM, the preconditioner will never be perfect because

Need momentum to

« Too heavy to calculate due to billions of parameters boost performance

« Stochastic gradient noise obscures the true local curvature

« Adam = Momentum + Precondition

\; ICLR 2025 @iclr.conf - 8h Test of Time Award & IR

Mk — (1 . /Bl)Mk_l _|_ /81 Gk‘ Test of Time Winner
Adam: A Method for Stochastic Optimization
Vk; — (]_ - /BQ)Vk;_l ‘|‘ /BQGk @ Gk- Diederik P. Kingma, Jimmy Ba —
—1/2 Adam revolutionized neural network training, enabling significantly faster
Uk; — Mk; @ Vk / (momentum) convergence and more stable training across a wide variety of architectures
(precondition) and tasks.
Wk—l—l — Wk: — ’YUk Q1 14 Q 93 i 4.4K g

[Adam: A Method for Stochastic Optimization]

Center of Machine Learning Research <15>



Muon and SOAP: The New State-of-the-Art

NELF TS
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* The preconditioner of Adam is diagonal; too simple to capture the landscape

« Muon uses matrix-valued preconditioning via Newton-Schulz iterations

3.0

2.9 \\\ == Muon
\\* - =  AdamWw
Mk — (]_ — ﬁ)Mk—l -+ ﬁGk 25 \\\\*\\\
2.7 \\\ \\\\
MP = (1 - B) My, + BGy
gz.a S *\
—1/2 =
—_ B B T 5 2.5 S *_
Ui = M{ (M) M) NN
2.4 *\\\ \\\
2.3 O.519xFLOPs\ :\\\\ el
[Keller Jordan blog] ot = 1\01

PFLOP/s-days

Center of Machine Learning Research [Muon is Scalable for LLM Training]



Muon and SOAP: The New State-of-the-Art
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« SOAP constructs matrix-valued preconditioning via the spectral decomposition
of Kronecker-factored gradient statistics

C4/EN Loss for 1.2B Model

M — (1 — Mo 2.90- \ -== AdamW Muon
k ( /81) k—1 —|_ /81Glj|:_ 2.88- \‘ -==  NAdamW Soap
2
Vi = (1= B2)Vie1 + B2(Q) Gr@r)® 2861 4,
- 841 )
L = (1 = Bs)Lr—1 + B:sGi Gy 2 2 2;. N
- - <£. ‘\\
Ry = (1 — Bs)Ri—1 + B:sG, Gk 2.80 N
TM 2.781 =:::=:~
k —
U, = Ql Ql 1/2Qr QI 2.761 e
Vk . u A .
1 2 4 8

Chinchilla Ratio

[SOAP: Improving and Stabilizing Shampoo using Adam]

Center of Machine Learning Research



Limitations of Existing Optimizers

NEF T

508 PEKING UNIVERSITY

1 ] Preconditioner-induced isotropic update [Staib et al., 2019; Zhou et al., 2020; Liu et al., 2025a; Lu et al., 2025; Wang et al., 2025b]

% @sotropic update %
SOAP/Muon :

desired
TR o >
preconditioning ~ preconditioning
2. Inadequate momentum update
desired High damping in sharp direction
Mp=1—-=B8)My_1+BG;, ==----
k ( ’B) k=1 T ﬁGk momentum > Low damping in flat direction

f applies the same friction across all parameters

Center of Machine Learning Research <18 >
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Our Goal

I
. octioNS === Original Dynamics

dire
2lond shar® === | |TE-accelerated Dynamics
w\ate
osc\\\a

1. Smarter Preconditioner and Momentum
to enhance flat-direction dynamics

e
rogl' Q Ss -~
S/

oh//ya “~
/0’79)' :
&)

2. A unified strategy to accelerate various optimizers

LLaMA (0.5B) on Pile

LLaMA (0.25B) on Pile
2.2 s — Muon e - SOAP
| Muon-LITE SOAP-LITE-H
N, A . SOAP-LITE-L
» R\ A — SOAP-LITE
w0 b A G o
2l PN Muon + LITE 221 SOAP + LITE
o \, N\ — g = H L I t
B W = 2X Speedup 8 = Huge Loss Improvemen
SN E
2:01 *> Xspeedup 2.0
0 5k 10k 15k 20k

0

10k 20k 30k 40k
num of iterations

50k

num of iterations
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ODE Framework for First Order Momentum Methods
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The intuitive role of gradient, preconditioner, and momentum

Gradient = engine+ Preconditioner =map | Momentum = brake
steering wheel

Decides the immediate Decides the long-run Controls the engine;
direction and provides (and more effective) heavy brake in sharp
force to descent direction direction; light brake

in flat direction

How to characterize them with Math?

Center of Machine Learning Research <21>
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ODE Framework for First Order Momentum Methods

« ODE can rigorously characterize the role of gradient and momentum

A unified form of momentum methods First order ODE system

W41 = W — n(mk + ﬁvf(wk)) t;scretization \mt — — Oy _I_ vf(wt)

{mk (= a)me + VS wg), | iy = —n(my + BV f(wy)),

f = 0. Heavy ball/Polyak momentum
[ > 0. Nesterov momentum l Second order ODE system

Wy + awy + V2 f(wp)we + n(af + 1)V f(wy) =0

(Su et al. 2016, Shi et al., 2021; Attouch et al., 2022) -

Center of Machine Learning Research
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ODE Framework for First Order Momentum Methods

Inertia System with Hessian Damping (ISHD)
(Su et al. 2016, Shi et al., 2021; Attouch et al., 2022)

Wy + ay + BV f(we)we + n(af + 1)V f(we) =0

acceleration  velocity -
‘ Force = Mass x Acceleration ‘

Acceleration(w;) = —ay — BnV2 f(wi)iy — n(aB + DV f(w;)

[ |
Friction force Y '

Damping or momentum driving force
(opposite to velocity)

B ISHD characterizes the role of gradient and momentum
vy (but not preconditioner)
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Riemannian ODE Framework for Adaptive Optimizers

A unified form for mrg = (1 — a)mk—l + Vf(’lUk),
adaptive optimizers Wpt1 = Wk — nkF(wk)_l(mk 1+ vi(wk))’

Preconditioner

This form subsumes various adaptive optimizers:

Algorithms Matrix Form Vector Form F' (up to a constant factor)
: il : 1
N-AdamW %ﬂ diagv ™2 (m + B9) (diagE[gg"])2
Muon | Mp(M] Ms)~2 (M3 Ms) ® I)™% (m + Bg) E[GTG)z® I
T MQy : w : 1
SOAP | Q=mQl | (Qr @ Qu)(diague) T2 (QF ® Q)M | (Qr ® Q1)(diagElgmgnm]) 2 (QF ® Q)

Center of Machine Learning Research <24 >



Riemannian ODE Framework for Adaptive Optimizers y) At £ X F
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* |n parallel with the Euclidian ISHD, we have

A unified form of adaptive methods First order Riemannian ODE system
continuization .
{mk = (1 — a)mp_1 + V.f(wg), > Jay = —neF(we) ™ (me + BV fwy)),
= wy, — N F (wg) ™1 1, —
Wrt1 = wg — NP (wi) ™ (mi + BV f(wg)), ;scretization e = —amyg + V f(wy),

l Second order ODE system

Proposition 1. Adaptive optimizers can be formulated into Riemannian ISHD
F
Vi, Wt + iy + By Hessp(wy )y + v: gradp f(we) =0

Riemannian Riemannian Riemannian
acceleration Hessian gradient P,



Riemannian ODE Framework for Adaptive Optimizers

« Momentum methods (Polyak/Heavy ball/Nesterov) are discrete
approximation of Euclidian ISHD

Wy + aty + BnV= f(we)we + n(af + 1)V f(we) =0

« Adaptive methods (Adam/Muon/SOAP) are discrete approximation
of Riemannian ISHD

VF ’UJt -+ oztwt -+ Bt HeSSF(’wt)wt + V¢ gI’&dF f( ) =0

F~H (w)V?* f(w) F~H(w)V f(w)
The first result to clarify the continuous dynamics for adaptive methods

Center of Machine Learning Research
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Understanding Preconditioner & Momentum via Riemannian ODE

Newton’s second law: F=ma

VF Wy = —OWy — 5tHeSSF(wt)wt — yegradp f (wy)

Driving force

Friction or damping
(opposite to velocity)

The preconditioner F induces a Riemmanian metric. Under this |sotropic update
geometry, the loss landscape is less anistropic (Hess(w) = @
F~Y(w)V7%f(w) is less ill-conditioned).

In this F-induced geometry, momentum acts as a damping

Center of Machine Learning Research <27 >
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Acceleration Methods by ODE Viewpoints I EPE;

3 PEKING UNIVERSITY

Vi iy = —agby — 5tH€SSF(wt)”fbt — yegrad p f (wy)

W
|

Driving force

Friction or damping
(opposite to velocity)

In the “flat river” directions, Hessz(w) is negative or close to O

girection® =e= Original Dynamics

Friction force o along snarP ma= LITE-accelerated Dynamics
scila

To accelerate convergence
—(a¢ + B¢ Hessp (wy) )y

« amplify force: increase y

 reduce damping: increase f3

Center of Machine Learning Research



LITE: accelLerating adaptive opTimizers in LLM prE-training

1. ldentify the sharp and flat directions

100 1

=
o
KR

Normalized Frequency
S

Hessian Eigenvalues Distribution

[ Flat
[ Sharp

Top-K eigenspace
is sharp (K<10)

[

1

L

-1

0

1

2

3

4

Eigenvalue (x10~%)

Center of Machine Learning Research
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Top-K eigenspace of GG aligns with Hessian well
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Figure 3. Coverage of the top eigenspaces of row (column) Hes-
sians by those of G ' G (GG ") for the up_pro j block of an FFN
layer. A higher score indicates a greater degree of containment.
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LITE: acceLerating adaptlve opTimizers in LLM prE-training ﬂth%’

2. Determine the acceleration strategy in the flat direction

« amplify force: increase y  reduce damping: increase £

VF wt + Oétwt -+ ,Bt HGSSF(wt)QDt —I—EgradF f(wt) =0

1 From second-order to first-order

Wht1 = Wi —|MRfF (wk) ™ (Mg +E7f(’wk))’ my = —amg + V f(we),

{mk = (1— a)my_1 + V f(wp), discretization {wt = {ndF (we) = (my +HBY f (wy)),

Strategy: increase n and £ in the flat direction

Center of Machine Learning Research



LITE: accelLerating adaptive opTimizers in LLM prE-training
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Algorithm 1 LITE Strategy

1: Input: wo, mo, {nr},a,x > 1,52 > 1 > 0.
2: for k =0to K do

3:  Update momentum my = (1 — a)mg_1 + Vf(wg).
4.  Estimate projection (J; onto the flat direction.
S Estimate the update direction

up =(I — Qr)F(wk)™ " (mk + L1V f(wk)) B Sharp direction
o XQkF(wk)_l(mk + 184V f(wg)). > Flat direction (enhance)

6: Update parameters wg1 = Wi — Nk Uk.
7: end for

N

Center of Machine Learning Research
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Example I: Accelerating Muon (Muon-LITE)

Muon update: Ui = (M, + BGr) (M, M)~ 1/?
MUON-LITE

Sharp directions are estimated by Top-d eigenspace of M,;er .

Ur = (My + B1Gr) (M) Mi) ™2 Py + x(My, + B2Gr,) (M, My)™*/2(I,, — Py)
Sharp direction Flat direction

B, = B1: Reducing damping

x = 1: Increasing learning rate (and hence the driving force)

Center of Machine Learning Research <33>



validation loss
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Experiments: Muon-LITE on LLaMA2 and Qwen2MoE Models

LLaMA (0.25B) on Pile
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LLaMA (0.5B) on Pile

“ = Muon
\\ Muon-LITE-H
A ==+ Muon-LITE-L
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\
\
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A\
N\
\
N
AN\
A \5-_
"‘~-..,,Io.030
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num of iterations

validation loss

2.01

1.91

QwenMoE (1B) on Pile

\ = Muon
b5 Muon-LITE

5k 10k 15k
num of iterations

validation loss

=
©

1.81

LLaMA (1.3B) on Pile

= Muon
\ Muon-LITE-H
\ Muon-LITE

5k 10k 15k 20k 25k

num of iterations

« Either increase the learning rate (L) or Hessian damping coefficient (H) can yield faster training

 Increasing both the learning rate (L) and Hessian damping coefficient (H) simultaneously is

better than increasing either one individually.

Center of Machine Learning Research

Remark: The muon baseline utilizes the RMS norm alignment with Nesterov momentum version from Moonshot.
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Experiments: Muon-LITE shows superior scaling laws over Muon ()

LLaMA (0.25B) on Pile
i |

224 \'\ — Muon
e Muon-LITE
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N
[

I
o

"
©

=
[e3)

ezt ¥

PEKING UNIVERSITY

Scaling Laws (LLaMA on Pile)

Muon
Muon-LITE

2 x 102

4% 102 6x 10?

10°

(non-embedding) parameters / M

LITE shows superior scaling laws on training data budgets and model sizes.

Center of Machine Learning Research
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Experiments: Downstream Tasks
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Table 4. Evaluation results on downstream tasks (0-shot with Im-evaluation-harness) of LLaMA models (1.3B) pre-trained on Pile using

MUON-LITE and Muon. The best scores in each column are bolded. Abbreviations: T_mc2=TruthfulQA _mc2, AVG=Average score.

Method ARC.E | ARC.C | PIQA | HellaSwag | BOOLQ | WinoGrande | MMLU | T_-mc2 | AVG
Muon 52.99 2210 67.41 35.30 52.45 53.39 23.76 40.14 43.44
MUON-LITE | 54.38 23.89 | 67.63 36.72 60.52 54.78 25.15 | 40.83 | 45.49

Enhance model performance across diverse domains ranging from common sense reasoning to truthful QA

Center of Machine Learning Research
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Efficient Implementation of Muon-LITE
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An efficient method for estimating Top-d, eigenspace of M, M :

Highly efficient, only induce a
1. At iteration k, suppose we have a threshold estimate ;. throughut drop =1% for training

a LLaMA 1.3B model with token
batch size 8192x1024 on
8xA100 80G GPU.

2. Computing the filtering matrix

1oy o 1 M, o
Ti = 5 NS(Mj) + 5 NS =k _ NS(Mj)

Tk
where NS(M) = M(MTM)~1/2= UV is conputed by Newton-Schulz iterations, and M = UXV (SVD)

3. Compute the projection to the Top-d, eigenspace by P, = T Ty , the set 1444 by
adjust 1, based on the trace of P;.

Center of Machine Learning Research <37>
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Example Il: Accelerating SOAP (SOAP-LITE)

SOAP update:
Matrix Form Vector Form
QUMAOT  ——  (Qr®Q)(diague) 2 (Q) ® Q)m

where Q; and Q, are estimated eigen-basis of EMA(GG") and EMA(GTG) respectively.

SOAP-LITE
Ui = Qi (Vi 2 © (B1P + x5:Qk) © (Q] GrQ1)) Q)

+Qi (Ve ? 0 (P +xQi) © (@ MrQ1)) Q)

where Py, is the Top-d, coordinates of V, and Qi = 1,,1,) — P

Center of Machine Learning Research <38>



Experiments: SOAP-LITE on LLaMA2 Models

LLaMA (0.25B) on Pile

4 - SOAP
— SOAP-LITE-H
. SOAP-LITE-L
n — SOAP-LITE
o
| o
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0 25k 5.0k 7.5k  10.0k

num of iterations

Center of Machine Learning Research

validation loss
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LLaMA (0.5B) on Pile
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- SOAP

~~ SOAP-LITE-
SOAP-LITE-

~ SOAP-LITE

038
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5k 10k 15k 20k

num of iterations
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Olympiad Prover
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Scaling up Multi-Turn Off-Policy RL and Multi-Agent
Tree Search for LLM Step-Provers
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1ByteDance Seed, 2Carnegie Mellon University, 3Peking University

YEqual contribution, *Work done at ByteDance Seed, TCorresponding authors
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Open-Source 7B and 32B Theorem Provers

BFS-Prover-V2-7B (this work) accumulative 82.4% - -
BFS-Prover-V2-32B (this work) accumulative 86.1% 85.5% 41.4%
w/ Planner accumulative 95.1% 95.5% -

Whole-proof provers

DeepSeek-Prover-V2-671B [23] 8192 88.9% 90.6% 37.1%
Kimina-Prover-72B' [30] 1024 87.7% - -
w/ TTRL search accumulative 92.2% - -
Goedel-Prover-32B' [17] 8192 92.2% - -
w/ Self-correction 1024 92.6% - -
Delta-Prover! [43] accumulative 95.9% - -
Seed-Prover' [6] accumulative 99.6% - -

—

Table1 Comparison between BFS-Prover-V2 and other leading theorem provers. ' denotes concurrent work.

Comparable with whole-proof provers

Center of Machine Learning Research <42 >



import Mathlib
import LLMlean

No info found.
» All Messages (7)

open Real

example (a b : R) (f : R-R) : f ((atb)"2) = f (a2 + 2xaxb + b™2) := by
example (abc :R) (h:a=b+c):exp (2%*a)=(expb)~2x*(expc)”2:=hby

def even_fun (f : R»> R) =V x, f (-x) = f x
example (f g : R » R) (hf : even_fun f) (hg : even_fun g) : even_fun (f + g) := by

example (a b c:Z) (hi : alb) (h2 : bl c)

«} [Group G] (x : G) (H : Subgroup G) : Subgroup G where
h,

e
E| h €HAa=x3xhx*xx1}

carrier := {a : G
one_mem' := by

dsimp

de ficoniugatefGRRIyp
|

inv_mem'
dsimp

mul_mem'
dsimp




From Olympiad Prover to Optimization Prover

« BFS Prover is trained to solve Olympiad problems; it is not an expert on optimization

« We build an optimization problem set: OptBench

« Basics (121 problems): fundamental theorems essential for proving optimization properties

Let E be a real inner product space. Assume that f : E' — R is differentiable and let f’(y) denote the gradient of f at
point y. Prove that for any vectors =, p € E, there exists a real number ¢ with 0 < ¢ < 1 such that:

f(xz+p) = f(x) + (f'(z+t-p),p).

« Convexity (135 problems): properties for convex optimization

Definition: Let E be a real inner product space, s C F be a set, and f : £ — R be a function. For a point z € FE, the
subdifferential of f at x within s, is defined as the set of all vectors g € E such that: Vy € s, f(y) > f(z)+ {9,y — z).
Theorem: Let E be a real inner product space, s be asetin E and f : E — R be a function. If f is convex on s and
continuous on the interior of s, then for every z € int(s), the subdifferential is non-empty.

+ Algorithmic (144 problems): problems from numerical algorithm

Let E be a real Hilbert space and let f : E — R be a differentiable function. Let f’(z) denote the gradient of f at
z. Assume that the gradient f’ is Lipschitz continuous with constant [ > 0. Suppose the step size a € R satisfies
0<a< % Then, for all x € FE, the following inequality holds:

fe—a-f(@) < f(2) - S @

Center of Machine Learning Research

<44 >



From Olympiad Prover to Optimization Prover

Existing Lean Provers cannot prove optimization well

Table 2. Performance comparison on OptBench. Whole-proof methods use Pass @32/256, while step-level methods use Pass@1/32. Basic,

£ R »
N e 7 ) ¥

convex, and algorithmic are the three subcategories, while Avg indicates the average accuracy across the full benchmark.

Basic Convex Algorithmic Avg
Method Pass@32 Pass@256 Pass@32 Pass@256 Pass@32 Pass@256 Pass@32 Pass@256
Whole-proof Generation Baselines
DeepSeek-Prover-V2-7B 14.88% 19.01% 23.70% 31.85% 4.86% 6.25% 14.25% 18.75%
Goedel-Prover-V2-8B 14.05% 19.01% 19.26% 32.59% 4.86% 8.33% 12.50% 19.75%
Kimina-Prover-7B 4.96% 10.74% 10.37% 16.30% 2.08% 5.56% 5.75% 10.75%
Basic Convex Algorithmic Avg
Method Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32
Step-level Provers
BFS-Prover-V2-7B 14.05% 36.36% 20.00% 44.44% 6.25% 16.67% 13.25% 32.00%

* We need to fine-tune BFS-Prover with optimization lean data

Center of Machine Learning Research
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From Olympiad Prover to Optimization Prover

Table 2. Performance comparison on OptBench. Whole-proof methods use Pass @32/256, while step-level methods use Pass@1/32. Basic,
convex, and algorithmic are the three subcategories, while Avg indicates the average accuracy across the full benchmark.

Basic Convex Algorithmic Avg
Method Pass@32 Pass@256 Pass@32 Pass@256 Pass@32 Pass@256 Pass@32 Pass@256
Whole-proof Generation Baselines
DeepSeek-Prover-V2-7B 14.88% 19.01%  23.70% 31.85% 4.86% 6.25% 14.25% 18.75%
Goedel-Prover-V2-8B 14.05% 19.01% 19.26% 32.59% 4.86% 8.33% 12.50% 19.75%
Kimina-Prover-7B 4.96% 10.74% 10.37% 16.30% 2.08% 5.56% 5.75% 10.75%
Basic Convex Algorithmic Avg
Method Pass@1 Pass@32 Pass@l Pass@32 Pass@l Pass@32 Pass@l  Pass@32
Step-level Provers
BFS-Prover-V2-7B 14.05% 36.36%  20.00% 44.44% 6.25% 16.67% 13.25% 32.00%
OptProver Variants (Ours)
OptProver (Only EI) 32.23% 49.59%  39.26% 60.00% 15.97% 4097%  28.75% 50.00%
OptProver (EI + DPO) 34.71% 52.07%  39.26% 62.22%  20.14% 4236%  31.00% 52.00%
OptProver (EI + UAPO) 36.36% 53.72%  45.93% 60.00%  27.08% 4722%  36.25% 53.50%
OptProver (EI + PW-DPO) 37.19% 53.72%  45.19% 62.96 % 27.08% 46.53%  36.25% 54.25%
OptProver (EI + PW-UAPO)  40.50% 55.37%  45.19% 62.22%  28.47% 48.61%  37.75% 55.25%

OptProver achieves state-of-the-art performance among comparably sized model.

Center of Machine Learning Research

s PEKING UNIVERSITY
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From Olympiad Prover to Optimization Prover

Statement

Proof

Center of Machine Learning Research

Let E be a real inner product space and f : E — R be a convex function on E.

For any fixed vector z € E, the function h(u) = f(u) + |lu — z||? is 1-strongly convex on E.

lemma strongconvex_of_convex_add_sq(f:E — R) (x:E) (hfun:ConvexOn Runiv f):

StrongConvexOn univ (1 :R) funur— fu+llu-x1"2/2:=by

rw [StrongConvexOn]

simp_rw [add_comm (f _)]

constructor

- exact convex_univ

rintroy -z —abhahbhab

simp only [smul_eq mul, sub_add,div_eq_inv_mul]

TN I TV A

replace hfun :=hfun.2

specialize hfun (by simp) (by simp) ha hb hab

exacty

-exact z

simp only [ _root_.div_eq_inv_mul]at hfunk

field_simp

refine (div_le_div_right two_pos).2?_

rw [norm_sub_sqg_real, norm_sub_sq_real, norm_sub_sqg_real]

rcases eq_sub_of_add_eghabwith rfl

simp [norm_add_sq_real, inner_add_left, inner_smul_left]

rw [norm_smul, norm_smul, inner_smul_right, real_inner_comm]

simp only [Real.norm_eq_abs, abs_of_nonneg hb, abs_of_nonneg ha, sub_mul, sub_add,
add_sub_assoc, mul_assoc]

norm_num

on_goal 1 => norm_numat *

have:0<1-b:=Dby linarith

conv_lhs => rw [add_comm, add_assoc, add_left_comm]

ring_nf

norm_num [real_inner_comm]at *

ringEnfiat *

repeat’ rw [norm_sub_sq_real]

rw [mul_comm b] at hfun

nlinarith[real_inner_commxy, real_inner_commx z,real_inner_commy z,
sg_nonneg (b —1), sqg_nonneg(b-2), fy, £ z]

N It 7 ¥

PEKING UNIVERSITY
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Assumption (informal)

Let P;(w) be the projection onto the top-ds eigenspace of V2 f(w). Assume:

» the set (referred to as River) R = {w : Ps(w)V f(w) = 0} constitutes a
(p — ds)-dimensional manifold.

» V2f(w) and F(w) share a common eigen-basis in the sharp subspace Range(Ps(w)).

Define the “projection” ® to River (descending along Valley): S

nar
cilate slond >
0%

d(w) = tlim VY (w)?,
—00

with %wt(w) = —Py(Ve(w))F (s (w))V £ (¢ (w)) and ¥p(w) = w.
» Intuition: ® provides a tool to quantify the distance to River.

"¢ (w) vanishes when P;F~'V f(w) = 0.

Center of Machine Learning Research < 49>
The assumptions are based on (Wen et al. 2025).



Theory: Two Stage Training Dynamics 3.:;;;

Theorem (Part 1, informal)

Under some regularity assumptions, the trajectory w; governed by

W = —ntF(wt)_lPt (mt < /ﬁvf(wt))

— X F(we) ™ Qe (my + B2V f(wyr)),
my = —amy + V f(wy).

satisfies the following attraction bound for sufficiently small ¢:

lwe — @(we)ll7 < exp(—O(t)) +&.

Stage 1: the dynamics of LITE first converge to the O(c'/?) neighborhood of River
after a O(log(s 1)) time interval.

Center of Machine Learning Research <50>



Theory: Two Stage Training Dynamics
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Theorem (Part 2, informal)

The “projected” trajectory zy = ®(w;) follows

4 = = (XPR(z)F(20) " (st + BV (1) + €.z,
$t = —asy + Vf(z),
Define , ,
by = ||PR(zt)F(zt)_lVf(zt)||F(Zt) ok ||P’R(Zt)F(Zt)—13t”F(Zt)-
Then

t
||ez,t||%(zt) < exp(—0O(t)) + £%b; + E/ K(r —t)b.dr = O(e).
0

Stage 2: Both w; and the projected dynamics ®(w;) track the decoupled acceleration
dynamics (set €,; = 0) on River closely.

Center of Machine Learning Research <51 >



Theory: Acceleration by LITE
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Larger Ir (x > 1) and Hessian damping coefficients (32 > [31) foster flat-direction optimization.

Theorem
For the unperturbed projected dynamics (¢, =0)

= (XPR(zt)F(zt)_l(st Lo f(zt))),
$¢ = —asy + Vf(z),

the following bound holds for sufficiently small <:

A — inf
% /0 Tt ||PR(Zt)F(Zt)_lVf(Zt)“iﬂ(%) dt < 2(f(z;)62Tn f),
1 2(f(z) —inf f)

T
2
- / sl dt < =220

Center of Machine Learning Research <52>
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Riemannian ODE framework for understanding the joint effect of momentum and preconditioners in

the pretraining dynamcis.

Principled acceleration strategy (LITE) using flat-direction enhancement within the ODE framework.
Experimental results demonstrate LITE efficiently accelerates pretraining in Muon and SOAP,
showing better scaling laws over data and model size.

Theoretical analysis on the acceleration mechanism of LITE in the anisotropic loss landscapes.

Center of Machine Learning Research <53>



\‘"\“'6‘ ‘
£ \ N
ez )Y

PEKING UNIVERSITY

Thank youl!

Please refer to more details in https://arxiv.org/abs/2602.22681

Github Code



