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Basics and Motivation
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Training deep neural network is notoriously difficult

< 4 >

DNN training = non-convexity + massive dataset + huge models
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Distributed learning

< 5 >

<latexit sha1_base64="4s4k+h9xgjmrws+lvj2BUmbO47g="></latexit>

min
x2Rd

f(x) =
1

n

nX

i=1

fi(x), where fi(x) = E⇠i⇠DiF (x; ⇠i).

§ Each component is local and private to node
<latexit sha1_base64="qzaURfASsGooeYPRN6hgZR2ijpo=">AAACJnicbZDLSgMxFIYzXut4q7p0YbAIrsqMioqrohuXtdgLdGrJZDJtaJIZkoxShln6LoJbfQ13Iu58BB/B9ALV1h8CP/85h5zz+TGjSjvOpzU3v7C4tJxbsVfX1jc281vbNRUlEpMqjlgkGz5ShFFBqppqRhqxJIj7jNT93tWgXr8nUtFI3Op+TFocdQQNKUbaRO38XtimFx5Huuv7aSW7C6CnIzgJ2vmCU3SGgrPGHZsCGKvczn97QYQTToTGDCnVdJ1Yt1IkNcWMZLaXKBIj3EMd0jRWIE5UKx0eksEDkwQwjKR5QsNh+nsiRVypPvdN52BDNV0bhP/VmokOz1spFXGiicCjj8KEQXPrgAoMqCRYs74xCEtqdoW4iyTC2rCzbU+QBxxxjkSQepVKlk4AZbZB5E4DmTW1o6J7Wjy+OSmULsewcmAX7IND4IIzUALXoAyqAINH8AxewKv1ZL1Z79bHqHXOGs/sgD+yvn4AJ/KmCw==</latexit>

fi : Rd ! R
<latexit sha1_base64="ZvkstkLZit2MzaUV5cWtHP44tBM=">AAACBnicbVDLSsNAFJ3UV42vqks3wSK4KomKuiy6cdkW+4CmlMn0th06MwkzE6WE7AW3+hvuxK2/4V/4CU7aLLT1wIXDOfdy7z1BxKjSrvtlFVZW19Y3ipv21vbO7l5p/6ClwlgSaJKQhbITYAWMCmhqqhl0IgmYBwzaweQ289sPIBUNxb2eRtDjeCTokBKsjVSn/VLZrbgzOMvEy0kZ5aj1S9/+ICQxB6EJw0p1PTfSvQRLTQmD1PZjBREmEzyCrqECc1C9ZHZo6pwYZeAMQ2lKaGem/p5IMFdqygPTybEeq0UvE//zurEeXvcSKqJYgyDzRcOYOTp0sq+dAZVANJsagomk5laHjLHERJtsbNsX8EhCzrEYJH6jkSZ+tiIIkkaa2iYibzGQZdI6q3iXlfP6Rbl6k4dVREfoGJ0iD12hKrpDNdREBAF6Ri/o1Xqy3qx362PeWrDymUP0B9bnDwCNmUY=</latexit>

i

<latexit sha1_base64="S7QpqR+KavrSLakXs5+Tz84oS4Y=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4KomKuiy6cVmLaQtNKJPJpB06MwkzE7WE/IHgVn/Dnbj1J/wLP8FJm4W2HrhwOOde7r0nSCiRyra/jMrS8srqWnXd3Njc2t6p7e51ZJwKhF0U01j0AigxJRy7iiiKe4nAkAUUd4PxdeF377GQJOZ3apJgn8EhJxFBUGnJ9R7JgAxqdbthT2EtEqckdVCiNah9e2GMUoa5QhRK2XfsRPkZFIoginPTSyVOIBrDIe5ryiHD0s+mx+bWkVZCK4qFLq6sqfp7IoNMygkLdCeDaiTnvUL8z+unKrr0M8KTVGGOZouilFoqtorPrZAIjBSdaAKRIPpWC42ggEjpfEzT4/gBxYxBHmZeu51nXrEiCLJ2nps6Imc+kEXSOWk4543T27N686oMqwoOwCE4Bg64AE1wA1rABQgQ8AxewKvxZLwZ78bHrLVilDP74A+Mzx85j5sK</latexit>

⇠i§ Random variable denotes the local data that follows distribution 
<latexit sha1_base64="vjfsQhfof4ZlRf21LJKMckSYVmM=">AAACCHicbVDLSsNAFJ3UV42vqks3g0VwVRIVdVnUhcta7QOaUCaTaTt0ZhJmJkoJ+QHBrf6GO3HrX/gXfoKTNgutHrhwOOde7r0niBlV2nE+rdLC4tLySnnVXlvf2NyqbO+0VZRITFo4YpHsBkgRRgVpaaoZ6caSIB4w0gnGl7nfuSdS0Ujc6UlMfI6Ggg4oRtpIt1d92q9UnZozBfxL3IJUQYFGv/LlhRFOOBEaM6RUz3Vi7adIaooZyWwvUSRGeIyGpGeoQJwoP52emsEDo4RwEElTQsOp+nMiRVypCQ9MJ0d6pOa9XPzP6yV6cO6nVMSJJgLPFg0SBnUE879hSCXBmk0MQVhScyvEIyQR1iYd2/YEecAR50iEqddsZqmXrwiCtJlltonInQ/kL2kf1dzT2vHNSbV+UYRVBntgHxwCF5yBOrgGDdACGAzBE3gGL9aj9Wq9We+z1pJVzOyCX7A+vgFVr5n9</latexit>

Di

§ Each local distribution is different; data heterogeneity exists
<latexit sha1_base64="vjfsQhfof4ZlRf21LJKMckSYVmM=">AAACCHicbVDLSsNAFJ3UV42vqks3g0VwVRIVdVnUhcta7QOaUCaTaTt0ZhJmJkoJ+QHBrf6GO3HrX/gXfoKTNgutHrhwOOde7r0niBlV2nE+rdLC4tLySnnVXlvf2NyqbO+0VZRITFo4YpHsBkgRRgVpaaoZ6caSIB4w0gnGl7nfuSdS0Ujc6UlMfI6Ggg4oRtpIt1d92q9UnZozBfxL3IJUQYFGv/LlhRFOOBEaM6RUz3Vi7adIaooZyWwvUSRGeIyGpGeoQJwoP52emsEDo4RwEElTQsOp+nMiRVypCQ9MJ0d6pOa9XPzP6yV6cO6nVMSJJgLPFg0SBnUE879hSCXBmk0MQVhScyvEIyQR1iYd2/YEecAR50iEqddsZqmXrwiCtJlltonInQ/kL2kf1dzT2vHNSbV+UYRVBntgHxwCF5yBOrgGDdACGAzBE3gGL9aj9Wq9We+z1pJVzOyCX7A+vgFVr5n9</latexit>

Di

• Training deep neural networks typically requires massive datasets; efficient and scalable
distributed optimization algorithms are in urgent need

• A network of nodes (devices such as GPUs) collaborate to solve the problem:<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n
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Vanilla parallel stochastic gradient descent (PSGD)

< 6 >

<latexit sha1_base64="ir7agV4KnBNsMh4nzIC9tmNnMCk="></latexit>

g(k)i = rF (x(k); ⇠(k)i ) (Local compt.)

x(k+1) = x(k) � �

n

nX

i=1

g(k)i (Global comm.)

• Each node samples data and computes gradient<latexit sha1_base64="ZvkstkLZit2MzaUV5cWtHP44tBM=">AAACBnicbVDLSsNAFJ3UV42vqks3wSK4KomKuiy6cdkW+4CmlMn0th06MwkzE6WE7AW3+hvuxK2/4V/4CU7aLLT1wIXDOfdy7z1BxKjSrvtlFVZW19Y3ipv21vbO7l5p/6ClwlgSaJKQhbITYAWMCmhqqhl0IgmYBwzaweQ289sPIBUNxb2eRtDjeCTokBKsjVSn/VLZrbgzOMvEy0kZ5aj1S9/+ICQxB6EJw0p1PTfSvQRLTQmD1PZjBREmEzyCrqECc1C9ZHZo6pwYZeAMQ2lKaGem/p5IMFdqygPTybEeq0UvE//zurEeXvcSKqJYgyDzRcOYOTp0sq+dAZVANJsagomk5laHjLHERJtsbNsX8EhCzrEYJH6jkSZ+tiIIkkaa2iYibzGQZdI6q3iXlfP6Rbl6k4dVREfoGJ0iD12hKrpDNdREBAF6Ri/o1Xqy3qx362PeWrDymUP0B9bnDwCNmUY=</latexit>

i
<latexit sha1_base64="QLlrUPFVZcwFQRsbcjmX4/rnKdg=">AAACEHicbVDLSsNAFJ34rPFVdekmWIS6KYmKuiy6cVmLfUATy2Q6bYfOI8xM1BLyE4Jb/Q134tY/8C/8BCdtFtp64MLhnHu5954wokRp1/2yFhaXlldWC2v2+sbm1nZxZ7epRCwRbiBBhWyHUGFKOG5ooiluRxJDFlLcCkdXmd+6x1IRwW/1OMIBgwNO+gRBbaSO/0i65C4pj47SbrHkVtwJnHni5aQEctS6xW+/J1DMMNeIQqU6nhvpIIFSE0RxavuxwhFEIzjAHUM5ZFgFyeTk1Dk0Ss/pC2mKa2ei/p5IIFNqzELTyaAeqlkvE//zOrHuXwQJ4VGsMUfTRf2YOlo42f9Oj0iMNB0bApEk5lYHDaGESJuUbNvn+AEJxiDvJX69niZ+tiIMk3qa2iYibzaQedI8rnhnlZOb01L1Mg+rAPbBASgDD5yDKrgGNdAACAjwDF7Aq/VkvVnv1se0dcHKZ/bAH1ifP4rgnVg=</latexit>

⇠(k)i

<latexit sha1_base64="rCCY3v0P2hGT6FYuRK2RaWJVE/s="></latexit>

rF (x(k); ⇠(k)i )

• All nodes synchronize (i.e. globally average) to update model   per iteration<latexit sha1_base64="UFrRpSEctgxpfOWW4xsMtLMRAn8=">AAACCXicbVDLSsNAFJ3UV42vqks3g63gqiQV1GXRjcta7AOaUCaTSTt0ZhJmJmoJ+QLBrf6GO3HrV/gXfoJJm4W2HrhwOOde7r3HixhV2rK+jNLK6tr6RnnT3Nre2d2r7B90VRhLTDo4ZKHse0gRRgXpaKoZ6UeSIO4x0vMm17nfuydS0VDc6WlEXI5GggYUI51LtccaHFaqVt2aAS4TuyBVUKA1rHw7fohjToTGDCk1sK1IuwmSmmJGUtOJFYkQnqARGWRUIE6Um8xuTeFJpvgwCGVWQsOZ+nsiQVypKfeyTo70WC16ufifN4h1cOkmVESxJgLPFwUxgzqE+ePQp5JgzaYZQVjS7FaIx0girLN4TNMR5AGHnCPhJ067nSZOvsLzknaamllE9mIgy6TbqNvn9bPbRrV5VYRVBkfgGJwCG1yAJrgBLdABGIzBM3gBr8aT8Wa8Gx/z1pJRzByCPzA+fwAy1pnZ</latexit>x
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Vanilla parallel stochastic gradient descent (PSGD)

< 7 >

• Global average incurs comm. overhead; proportional to network size nO(n)

• When network size n is large, PSGD suffers severe communication overhead
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PSGD cannot achieve linear speedup due to comm. overhead

< 8 >

• PSGD cannot achieve ideal linear speedup in throughput due to comm. overhead

• Larger comm-to-compt ratio leads to worse performance in PSGD

Small comm.-to-compt. ratio Large comm.-to-compt. ratio

B. Ying, K. Yuan, H. Hu, Y. Chen and W. Yin, “BlueFog: Make decentralized algorithms practical for optimization and deep learning”, arXiv: 2111. 04287, 2021

• How can we accelerate PSGD? We must reduce communication overhead.
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Methodologies to save communication

< 9 >

• Each node sends a full model (or gradient) to the server; proportional to dimension d

• Global average incurs comm. overhead; proportional to network size nO(n)

• Each node interacts with the server at every iteration; proportional to iteration numbers

[Decentralized communication]

[Lazy communication]

[Communication compression]
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Communication compression

< 10 >

• A basic (but not state-of-the-art) algorithm is QSGD [Alistarh et. al., 2017]

g(k)i = rF (x(k)
i ; ⇠(k)i )

x(k+1)
i = x(k)

i � �

n

nX

j=1

C(g(k)j )
C(g1) C(g2) C(g3) C(g4)

• is a compressor. It can quantize or sparsify the full gradientC(·)

8 bit

1 bit

Quantization
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Communication compression

< 11 >

• A basic (but not state-of-the-art) algorithm is QSGD [Alistarh et. al., 2017]

g(k)i = rF (x(k)
i ; ⇠(k)i )

x(k+1)
i = x(k)

i � �

n

nX

j=1

C(g(k)j )
C(g1) C(g2) C(g3) C(g4)

• is a compressor. It can quantize or sparsify the full gradientC(·)

8 bit

Sparsification
8 bit
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Lazy communication (Federated Average)

< 12 >

x
(k+ 1

2 )
i = x(k)

i � �rF (x(k)
i ; ⇠(k)i )

x(k+1)
i =

(
x
(k+ 1

2 )
i if mod(k, ⌧) 6= 0

1
n

Pn
j=1 x

(k+ 1
2 )

j if mod(k, ⌧) = 0

(Local update)

(Lazy comm. )

• Nodes communicate once every iterations [Konecny et .al. 2015, 2016]⌧

• Or nodes communicate when necessary, i.e., [Chen et. al. 2018; Liu et.al., 2019]

• In ProxSkip [Mishchenko et. al., 2022], lazy strategy is proved to save communication
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This talk will study distributed learning with decentralized communication
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• Decentralized SGD and topology effects

• Exponential graphs are provably efficient

• EquiTopo graphs are new state-of-the-art

• BlueFog libraries: introduction and demos



PART 01

Decentralized SGD and Topology Effects
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Decentralized SGD (DSGD)

< 16 >

• To break comm. overhead, we replace global average with partial averageO(n)

<latexit sha1_base64="K5uW5GMso9ECnnL+ck/ZO5PjzFw="></latexit>

x
(k+ 1

2 )
i = x(k)

i � �rF (x(k)
i ; ⇠(k)i ) (Local update)

x(k+1)
i =

X

j2Ni

wijx
(k+ 1

2 )
j (Partial averaging)

• DSGD = local SGD update + partial averaging [LS08]

• is the set of neighbors at node ;
<latexit sha1_base64="djb8IL5A/At4KetmqlbXRctl1yE=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuiG1dSwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/ko5nGzAvJUPKAU2Ks5PVCYkaUiPR+1uf9csWpOnPgVeLmpAI5Gv3yV28Q0SRk0lBBtO66Tmy8lCjDqWCzUi/RLCZ0TIasa6kkIdNeOg89w2dWGeAgUvZJg+fq742UhFpPQ99OZiH1speJ/3ndxATXXsplnBgm6eJQkAhsIpw1gAdcMWrE1BJCFbdZMR0RRaixPZVsCe7yl1dJ66LqXlZrD7VK/SavowgncArn4MIV1OEOGtAECk/wDK/whiboBb2jj8VoAeU7x/AH6PMHCYSSSQ==</latexit>

Ni
<latexit sha1_base64="gQ0QZrHgZBkqf996/QQVBa6B0JU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0muM9g==</latexit>

i

• Incurs comm. overhead per iteration where is the graph maximum degree<latexit sha1_base64="E+QIbabTheG+ghE+Umq3bpUIrYI=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXrxZwX7AdinZNNuGZpMlyYpl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDP1249UaSbFgxknNIjxQLCIEWys5N9V+r2sG+OnyVmvVHar7gxomXg5KUOORq/01e1LksZUGMKx1r7nJibIsDKMcDopdlNNE0xGeEB9SwWOqQ6y2ckTdGqVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/zUxNdBRkTSWqoIPNFUcqRkWj6P+ozRYnhY0swUczeisgQK0yMTaloQ/AWX14mrfOqd1Gt3dfK9es8jgIcwwlUwINLqMMtNKAJBCQ8wyu8OcZ5cd6dj3nripPPHMEfOJ8/w4+Q7g==</latexit>

O(dmax)
<latexit sha1_base64="LtE8Vgg3hnPA1Aosalmoni97PYY="></latexit>

dmax = max
i

{|Ni|}

<latexit sha1_base64="LBGOUbLEEAkVtcC0YqRQzbLdgbc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtu02WRJskpZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTuY3M799iNVmknxYKYx9SM8FCxkBBsrtZ76KRvP+uWKW3UzoFXi5aQCORr98ldvIEkSUWEIx1p3PTc2foqVYYTTWamXaBpjMsFD2rVU4IhqP82unaEzqwxQKJUtYVCm/p5IcaT1NApsZ4TNSC97c/E/r5uY8NpPmYgTQwVZLAoTjoxE89fRgClKDJ9agoli9lZERlhhYmxAJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBgDM/wCm+OdF6cd+dj0Vpw8plj+APn8wfui49g</latexit>wij
<latexit sha1_base64="Fnwhd7Ta5Tw0dHaaWO+17yDDvLg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmldl77pcqVdK1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANPvjPc=</latexit>

j
<latexit sha1_base64="gQ0QZrHgZBkqf996/QQVBa6B0JU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0muM9g==</latexit>

iscales information from to
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DSGD is more communication-efficient than PSGD

< 17 >

• Incurs comm. overhead on sparse topologies; much less than global average
<latexit sha1_base64="ePWhDDpGjJEQ1JRSBBun38CrrqY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJ+6LmXdbqD/VK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f4DqNfA==</latexit>

O(1) O(n)
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DSGD is more communication-efficient than PSGD

< 18 >

• A real experiment on a 256-GPUs cluster [CYZ+21]

<latexit sha1_base64="op39c8VfbvYKnVp5/0exxa2ZaN0="></latexit>

Model Ring-Allreduce Partial average

ResNet-50 (25.5M) 278 ms 150 ms
Bert (300M) 1469 ms 567 ms

Table. Comparison of per-iter comm. time in terms of runtime with 256 GPUs

• DSGD saves more communications per iteration for larger models

[CYZ+21] Y. Chen*, K. Yuan*, Y. Zhang, P. Pan, Y. Xu, and W. Yin, ``Accelerating Gossip SGD with Periodic Global Averaging”, ICML 2021
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DSGD is more communication-efficient than PSGD

< 19 >

• DSGD (BlueFog) has better linear speedup than PSGD (Horovod) due to its small comm. overhead

Small comm.-to-compt. ratio Large comm.-to-compt. ratio

B. Ying, K. Yuan, H. Hu, Y. Chen and W. Yin, “BlueFog: Make decentralized algorithms practical for optimization and deep learning”, arXiv: 2111. 04287, 2021
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However, DSGD has slower convergence

< 20 >

• The efficient comm. comes with a cost: slower convergence

• Partial average is less effective to aggregate information than global average
<latexit sha1_base64="nrllaBxiQkBnlfaLbWB8AQj2EyY="></latexit>

x+
i =

X
wijxj

• The average effectiveness can be evaluated by graph spectral gap:

Fully-connected matrix

<latexit sha1_base64="yR4hZA7oFXDauA7ttmrh/4nAUeM="></latexit>

⇢ = kW � 1

n
11T k2 2 (0, 1)

<latexit sha1_base64="5t2FwX+ylDcebDnKZMKpdQKG6kA=">AAACFXicbVDLSgNBEJyNrxhfUY9eBhPBg4RdEfUiBL14jGIekF3D7KSTjM7OLjOzhrDsT3jxV7x4UMSr4M2/cfI4aGJBQ1HVTXeXH3GmtG1/W5m5+YXFpexybmV1bX0jv7lVU2EsKVRpyEPZ8IkCzgRUNdMcGpEEEvgc6v79xdCvP4BULBQ3ehCBF5CuYB1GiTZSK3/Q74EEXKyfNfuthN2lnssEdgOie76fXKe3iXA1C0BhkRZb+YJdskfAs8SZkAKaoNLKf7ntkMYBCE05Uarp2JH2EiI1oxzSnBsriAi9J11oGiqIWeQlo69SvGeUNu6E0pTQeKT+nkhIoNQg8E3n8Fw17Q3F/7xmrDunXsJEFGsQdLyoE3OsQzyMCLeZBKr5wBBCJTO3YtojklBtgsyZEJzpl2dJ7bDkHJeOrg4L5fNJHFm0g3bRPnLQCSqjS1RBVUTRI3pGr+jNerJerHfrY9yasSYz2+gPrM8fiMefEQ==</latexit>

where W = [wij ] 2 Rn⇥n
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However, DSGD has slower convergence

< 21 >

• The efficient comm. comes with a cost: slower convergence

• Partial average is less effective to aggregate information than global average
<latexit sha1_base64="nrllaBxiQkBnlfaLbWB8AQj2EyY="></latexit>

x+
i =

X
wijxj

• The average effectiveness can be evaluated by graph spectral gap:

§ Well-connected topology has , e.g. fully-connected topology
<latexit sha1_base64="eYtf7bylL9BvKhE9SS4TpGw+QwQ="></latexit>

⇢ ! 0

§ Sparsely-connected topology has , e.g. ring has
<latexit sha1_base64="P1FqJ4ccUyWhvlyTsrpFHIMDEpg="></latexit>

⇢ ! 1
<latexit sha1_base64="WUXWyP17hf5M87nb/60D/53RUEM="></latexit>

⇢ = O(1� 1

n2
)

§ or essentially gauges the graph connectivity
<latexit sha1_base64="1kGfeHdsV//FMcy0N6xzv+AIF80=">AAACK3icbVDLSsNAFJ3xWeOr1aWbYBFclURFXRbduKxgH9CGMjOZNEMnM2FmIpSQX3CrP+HXuFLc+h8mbRam9cCFwzn3cu89OOZMG8f5hGvrG5tb27Uda3dv/+Cw3jjqaZkoQrtEcqkGGGnKmaBdwwyng1hRFGFO+3h6X/j9Z6o0k+LJzGLqRWgiWMAIMoU0UqEc15tOy5nDXiVuSZqgRGfcgI2RL0kSUWEIR1oPXSc2XoqUYYTTzBolmsaITNGEDnMqUES1l86PzeyzXPHtQKq8hLHn6t+JFEVazyKcd0bIhHrZK8T/vGFiglsvZSJODBVksShIuG2kXXxu+0xRYvgsJ4golt9qkxApREyeT2ULlnJqENZZVcU+E5Oq5uviicyy8hDd5chWSe+i5V63Lh+vmu27Ms4aOAGn4By44Aa0wQPogC4gIAQv4BW8wXf4Ab/g96J1DZYzx6AC+PMLb5WniA==</latexit>⇢ <latexit sha1_base64="s/9D7PJLWJrL2wt5SShr0gI+bZ0=">AAACL3icbVDLSsNAFJ3UV42vVpduBovgxpKoqMuiG5cV7APaUCaTSTt0MhNmJkIJ+Qm3+hN+jbgRt/6FkzYL03rgwuGce7n3Hj9mVGnH+bQqa+sbm1vVbXtnd2//oFY/7CqRSEw6WDAh+z5ShFFOOppqRvqxJCjyGen50/vc7z0TqajgT3oWEy9CY05DipE2Ut+F53AoJ2JUazhNZw64StyCNECB9qhu1YeBwElEuMYMKTVwnVh7KZKaYkYye5goEiM8RWMyMJSjiCgvnR+cwVOjBDAU0hTXcK7+nUhRpNQs8k1nhPRELXu5+J83SHR466WUx4kmHC8WhQmDWsD8exhQSbBmM0MQltTcCvEESYS1yai0xRdiqpGvsrLqB5SPy1qg8icy2zYhusuRrZLuRdO9bl4+XjVad0WcVXAMTsAZcMENaIEH0AYdgAEDL+AVvFnv1of1ZX0vWitWMXMESrB+fgEe16hO</latexit>

1� ⇢

<latexit sha1_base64="yR4hZA7oFXDauA7ttmrh/4nAUeM="></latexit>

⇢ = kW � 1

n
11T k2 2 (0, 1)

<latexit sha1_base64="5t2FwX+ylDcebDnKZMKpdQKG6kA=">AAACFXicbVDLSgNBEJyNrxhfUY9eBhPBg4RdEfUiBL14jGIekF3D7KSTjM7OLjOzhrDsT3jxV7x4UMSr4M2/cfI4aGJBQ1HVTXeXH3GmtG1/W5m5+YXFpexybmV1bX0jv7lVU2EsKVRpyEPZ8IkCzgRUNdMcGpEEEvgc6v79xdCvP4BULBQ3ehCBF5CuYB1GiTZSK3/Q74EEXKyfNfuthN2lnssEdgOie76fXKe3iXA1C0BhkRZb+YJdskfAs8SZkAKaoNLKf7ntkMYBCE05Uarp2JH2EiI1oxzSnBsriAi9J11oGiqIWeQlo69SvGeUNu6E0pTQeKT+nkhIoNQg8E3n8Fw17Q3F/7xmrDunXsJEFGsQdLyoE3OsQzyMCLeZBKr5wBBCJTO3YtojklBtgsyZEJzpl2dJ7bDkHJeOrg4L5fNJHFm0g3bRPnLQCSqjS1RBVUTRI3pGr+jNerJerHfrY9yasSYz2+gPrM8fiMefEQ==</latexit>

where W = [wij ] 2 Rn⇥n
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DSGD convergence rate

< 22 >

• Convergence comparison (non-convex and data-homogeneous scenario) [KLB+20]:
<latexit sha1_base64="5joZSddPznBRQ2+7vbhQ7Dk4CTg="></latexit>

P-SGD :
1

T

TX

k=1

Ekrf(x̄(k))k2 = O

⇣
�p
nT

⌘

D-SGD :
1

T

TX

k=1

Ekrf(x̄(k))k2 = O

⇣
�p
nT

+
⇢
2/3

�
2/3

T 2/3(1� ⇢)1/3| {z }
extra overhead

⌘

where is the gradient noise, and is the number of iterations
<latexit sha1_base64="C7boI7RLqXzetU6VYX1040vnwrU="></latexit>

�2 <latexit sha1_base64="kDAtQi2ND3CW20xDLd0/PEvP9uA="></latexit>

T

• D-SGD can asymptotically converge as fast as P-SGD when ; the first term dominates; reach
linear speedup asymptotically

<latexit sha1_base64="P3AmB7xN4emTfMqSy4VHay0dgoE="></latexit>

T ! 1

• But D-SGD requires more iteration to reach that stage due to the overhead caused by partial average
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Transient iterations

< 23 >

• Definition [POP21]: number of iterations before D-SGD achieves linear speedup

• Sparse topology incurs longer tran. Iters.
<latexit sha1_base64="P1FqJ4ccUyWhvlyTsrpFHIMDEpg="></latexit>

⇢ ! 1

D-SGD over ring (logistic regression)• D-SGD for non-convex and data-homogeneous
scenario has transient iterations

<latexit sha1_base64="4FGwyAAZQIkAn9UlEi7EVmkWWyw=">AAAB/HicbVDLTgIxFO34RHyNsnTTSExgAZlBoi6JbtyJiTwSGEinFGjotJO2YzKZ4K+4caExbv0Qd/6NBWah4ElucnLOvbn3Hj9kVGnH+bbW1jc2t7YzO9ndvf2DQ/vouKlEJDFpYMGEbPtIEUY5aWiqGWmHkqDAZ6TlT25mfuuRSEUFf9BxSLwAjTgdUoy0kfp27q7Ae+cFt9SVY1HsJaXKtNi3807ZmQOuEjcleZCi3re/ugOBo4BwjRlSquM6ofYSJDXFjEyz3UiREOEJGpGOoRwFRHnJ/PgpPDPKAA6FNMU1nKu/JxIUKBUHvukMkB6rZW8m/ud1Ij288hLKw0gTjheLhhGDWsBZEnBAJcGaxYYgLKm5FeIxkghrk1fWhOAuv7xKmpWye1Gu3lfztes0jgw4AaegAFxwCWrgFtRBA2AQg2fwCt6sJ+vFerc+Fq1rVjqTA39gff4ACa6TGg==</latexit>

O(n3(1� ⇢)�2)

<latexit sha1_base64="/uzIgb/ubHdb5m9u32qF5NpFdVE="></latexit>

⇢2/3�2/3

T 2/3(1� ⇢)1/3
 �p

nT
=) T = ⌦(

⇢4n3

(1� ⇢)2
)

<latexit sha1_base64="45/3kgvHn70xEEJ/gp6XKuI9/bA=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJqB6qkVMBYwcJGkehDatLKcZ3WquNEtoNURV1Z+BUWBhBi5Q/Y+BucNgO0HOlKx+fcK997vIhRqSzr28itrK6tb+Q3C1vbO7t75v5BS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dr12w9ESBryezWJiBugIac+xUhpqW/C25LjC4QTR4zCXg3y3tk0Kdmn6bPcq07LfbNoVawZ4DKxM1IEGRp988sZhDgOCFeYISm7thUpN0FCUczItODEkkQIj9GQdDXlKCDSTWaXTOGJVgbQD4UuruBM/T2RoEDKSeDpzgCpkVz0UvE/rxsr/9JNKI9iRTief+THDKoQprHAARUEKzbRBGFB9a4Qj5AORunwCjoEe/HkZdKqVuzzSu2uVqxfZXHkwRE4BiVggwtQBzegAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHyRBmLY=</latexit>

O(
⇢
4
n
3

(1� ⇢)2
)
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Trade-off between comm. cost and trans. iters.

< 24 >

• Recall per-iter comm. and trans. iters. 
<latexit sha1_base64="J35v2FnQp3fJtnauKsrW1KPz95Y="></latexit>

⌦(n3(1� ⇢)�2)
<latexit sha1_base64="E+QIbabTheG+ghE+Umq3bpUIrYI=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXrxZwX7AdinZNNuGZpMlyYpl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDP1249UaSbFgxknNIjxQLCIEWys5N9V+r2sG+OnyVmvVHar7gxomXg5KUOORq/01e1LksZUGMKx1r7nJibIsDKMcDopdlNNE0xGeEB9SwWOqQ6y2ckTdGqVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/zUxNdBRkTSWqoIPNFUcqRkWj6P+ozRYnhY0swUczeisgQK0yMTaloQ/AWX14mrfOqd1Gt3dfK9es8jgIcwwlUwINLqMMtNKAJBCQ8wyu8OcZ5cd6dj3nripPPHMEfOJ8/w4+Q7g==</latexit>

O(dmax)

• Trade-off between per-iteration communication and transient iteration complexity

<latexit sha1_base64="zIredhPhYXfbA0OjrGSprrLvQik="></latexit>

Sparse topology Dense topology

per-iter comm. X ⇥

trans. iter. complexity ⇥ X
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What topology to use?

< 25 >

• Shall we use these common topologies to organize all nodes? 

Ring Grid Torus Erdos-Renyi Random



Center of Machine Learning Research

What topology to use?

< 26 >

• Communication cost v.s. transient iteration complexity in DSGD

The smaller both comm. cost and tran. Iters. are, the better

<latexit sha1_base64="ERUA6ofpDvMzp7ScCp+xXUgT2nQ="></latexit>

Topology Per-iter. Comm. Trans. Iters. (iid scenario)

Ring O(1) O(n7)

2D-Grid O(1) Õ(n5)

2D-Torus O(1) O(n5)
1
2 -RandGraph O(n) O(n3)

• These topologies either have expensive communication cost or longer transient stage

• Is there any topology that enables both cheap communication and fast convergence?



PART 02

Exponential graphs are provably efficient
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Static exponential graph: topology and per-iteration comm.

< 28 >

• Each node links to neighbors that are away [ALB+19]
<latexit sha1_base64="dFdn9F+PH6ykkTsUV0iqcvEpFRM="></latexit>

20, 21, · · · , 2blog2(n�1)c

• In the figure, node 1 connects to node 2, 3 and 5.

• Empirically successful in deep training but less theoretically understood

• Each node has neighbors; per-iter comm. cost is
<latexit sha1_base64="6aLKGog4xmFAMw9yApXyMs+i5A8="></latexit>

dlog2(n)e
<latexit sha1_base64="N2qhgHQtRaxJAv8uvflWVmEnqIQ=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK0m5KUoi6LbtxZwT6gCWUynbRDJzNh5kYooV/g3q3+gjtx61f4B36G0zYL23rgwuGcezmXE8ScaXCcbyu3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQFjDgtBsriqOA004wvp35nSeqNJPiESYx9SM8FCxkBIORvPuyx+WwXyuLSqVfLDlVZw57nbgZKaEMzX7xxxtIkkRUAOFY657rxOCnWAEjnE4LXqJpjMkYD2nPUIEjqv10/vPUvjDKwA6lMiPAnqt/L1IcaT2JArMZYRjpVW8m/uf1Egiv/ZSJOAEqyCIoTLgN0p4VYA+YogT4xBBMFDO/2mSEFSZgaiosxQRSjgEHemqqcVeLWCftWtW9rNYf6qXGTVZSHp2hc1RGLrpCDXSHmqiFCIrRC3pFb9az9W59WJ+L1ZyV3ZyiJVhfvxCMmdk=</latexit>

O(log2(n))



Center of Machine Learning Research

Static exponential graph: weight matrix

< 29 >

• The weight matrix associated with exponential graph is defined as

<latexit sha1_base64="B72FSU6YDcb7IOiPkdVRY4UUFkw="></latexit>

wexp
ij =

⇢
1

dlog2(n)e+1 if log2(mod(j � i, n)) is an integer or i = j

0 otherwise.

• An illustrating example:
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Static exponential graph: connectivity

< 30 >

• Is the static exponential graph well connected?

<latexit sha1_base64="BKCmI0ifmDX8nOnOJO9v2jLS4uY="></latexit>

Theorem. Let ⌧ = dlog2(n)e, and ⇢ = kW � 1
n11

T k2 be the spectral gap. It
holds that

8
><

>:

⇢ = 1� 2

⌧ + 1
, when n is even

⇢ < 1� 2

⌧ + 1
, when n is odd

• This theorem implies that exponential graph has
<latexit sha1_base64="A+dXDVcQ/0+ahE0M+b653uJgHp4="></latexit>

⇢(W ) = O(1� 1/ log2(n))

• Highly non-trivial proofs; requires smart utilization of Fourier transform
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Static exponential graph: illustration of the spectral gap

< 31 >

• Our theoretical bound is very tight

• Spectral gap increases slowly when n grows
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Static exponential graph: transient iterations in DSGD

< 32 >

• Recall DSGD has transient iteration complexity in iid scenarios
<latexit sha1_base64="8tO7i9AB5RnVCrunfXiePl6m6T8=">AAACJnicbVDLSgMxFM3UV62v0S7dBIvQLqwztajLoht3VrAP6ItMJtOGZpIhyQhl6Le4rT/jTsSdH+LC9LGwrQcCh3Pu5Z4cL2JUacf5slIbm1vbO+ndzN7+weGRfXxSVyKWmNSwYEI2PaQIo5zUNNWMNCNJUOgx0vCG91O/8UKkooI/61FEOiHqcxpQjLSRenY2eRzneffqMu9etOVAFLqlQs/OOUVnBrhO3AXJgQWqPfun7Qsch4RrzJBSLdeJdCdBUlPMyDjTjhWJEB6iPmkZylFIVCeZhR/Dc6P4MBDSPK7hTP27kaBQqVHomckQ6YFa9abif14r1sFtJ6E8ijXheH4oiBnUAk6bgD6VBGs2MgRhSU1WiAdIIqxNX5mlM54QQ408tfSVxFfTxGNTl7tazjqpl4rudbH8VM5V7hbFpcEpOAN54IIbUAEPoApqAIMReAUT8GZNrHfrw/qcj6asxU4WLMH6/gVKzKTp</latexit>

O(n3
/(1� ⇢)2)

• With , exponential graphs have tran. iters. as
<latexit sha1_base64="A+dXDVcQ/0+ahE0M+b653uJgHp4="></latexit>

⇢(W ) = O(1� 1/ log2(n))
<latexit sha1_base64="nqBUf4hemZPRRNK5Y7/VmDtHk/s=">AAACJnicbVDLTgIxFO3gC/GFsnTTSExgQ2aQqEuiG3diIo8EhkmnU6Ch007ajgmZzLe4xZ9xZ4w7P8SF5bEQ8CRNTs65N/f0+BGjStv2l5XZ2t7Z3cvu5w4Oj45P8qdnLSViiUkTCyZkx0eKMMpJU1PNSCeSBIU+I21/fD/z2y9EKir4s55ExA3RkNMBxUgbycsXkse0xPtXPSaG/apXLfFy2csX7Yo9B9wkzpIUwRINL//TCwSOQ8I1ZkiprmNH2k2Q1BQzkuZ6sSIRwmM0JF1DOQqJcpN5+BReGiWAAyHN4xrO1b8bCQqVmoS+mQyRHql1byb+53VjPbh1E8qjWBOOF4cGMYNawFkTMKCSYM0mhiAsqckK8QhJhLXpK7dyxhdirJGvVr6SBGqWODV1OevlbJJWteJcV2pPtWL9bllcFpyDC1ACDrgBdfAAGqAJMJiAVzAFb9bUerc+rM/FaMZa7hTACqzvXwSrpVQ=</latexit>

O(n3 log22(n))

• Per-iteration communication and transient iteration complexity are nearly the best (up to )
<latexit sha1_base64="Rfd5VbTfFINXp/ScGlofdqQD6Vk=">AAACGnicbVDLSsNAFJ34rPVVdelmsAh1U5JS1GXRjcsK9iFtKJPJpB06jzAzEUroV7itP+NO3LrxX1w4abOwrQcuHM65l3vvCWJGtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctrVMFCYtLJlU3QBpwqggLUMNI91YEcQDRjrB+D7zOy9EaSrFk5nExOdoKGhEMTJWeu4zORzUKuJqUCq7VXcOuE68nJRBjuag9NMPJU44EQYzpHXPc2Pjp0gZihmZFvuJJjHCYzQkPUsF4kT76fzgKby0SggjqWwJA+fq34kUca0nPLCdHJmRXvUy8T+vl5jo1k+piBNDBF4sihIGjYTZ9zCkimDDJpYgrKi9FeIRUggbm1FxaU0g5digQC+9koY6u3hq4/JWw1kn7VrVu67WH+vlxl0eXAGcgwtQAR64AQ3wAJqgBTDg4BXMwJszc96dD+dz0brh5DNnYAnO1y+YwaGY</latexit>

log2(n)

<latexit sha1_base64="c+vFJb9PNEuhPF0Fo1C1f9fQwas="></latexit>

Topology Per-iter. Comm. Trans. Iters. (iid scenario)

Ring O(1) O(n7)

2D-Grid O(1) Õ(n5)

2D-Torus O(1) O(n5)
1
2 -RandGraph O(n) O(n3)

Static Exp Õ(1) Õ(n3)

• Can we achieve even better topology?
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One-peer exponential graph: topology

< 33 >

• Split exponential graph into a sequence of one-peer realizations;

• Each node has exactly one neighbor per iteration

• O(1) per-iteration communication; same as ring; cheaper than grid
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One-peer exponential graph: weight matrix

< 34 >

• We let . The weight matrix is defined as
<latexit sha1_base64="5mSAww8chZeUQIbr+nfKh/KOpjA=">AAACMnicbZDLSgMxFIYzXut4q7oUJFiEuikzVdSNUHTjsoK9QKeUTJq2oZlkSM4IpXTn07i1L6M7cesrCKbtLGzrgZCf7z+Hk/xhLLgBz3t3VlbX1jc2M1vu9s7u3n724LBqVKIpq1AllK6HxDDBJasAB8HqsWYkCgWrhf37iV97ZtpwJZ9gELNmRLqSdzglYFErexIASfAtDgRlXNhLdVvFvDzHgZ6AVjbnFbxp4WXhpyKH0iq3sj9BW9EkYhKoIMY0fC+G5pBo4FSwkRskhsWE9kmXNayUJGKmOZz+Y4TPLGnjjtL2SMBT+ndiSCJjBlFoOyMCPbPoTeB/XiOBzk1zyGWcAJN0tqiTCAwKT0LBba4ZBTGwglDN7Vsx7RFNKNjo5raESvWBhGY0T8M2l92R69q8/MV0lkW1WPCvChePl7nSXZpcBh2jU5RHPrpGJfSAyqiCKHpBr+gNjZ2x8+F8Ol+z1hUnnTlCc+V8/wJZ56m1</latexit>

⌧ = dlog2(n)e
<latexit sha1_base64="xRhZsuIzPzuwrdH8CNnFtRegh7Y=">AAACGXicbVBNS8NAEN3Ur1q/qh69LBahXkqioh6LXjxWsE2hjWWz2bRLNrthdyOUkB/h1f4ab+LVkz9GcNvmYFsfDDzem2Fmnp8wqrRtf1ultfWNza3ydmVnd2//oHp41FEilZi0sWBCdn2kCKOctDXVjHQTSVDsM+L60f3Ud1+IVFTwJz1OiBejIachxUgbyXWfs3p0ng+qNbthzwBXiVOQGijQGlR/+oHAaUy4xgwp1XPsRHsZkppiRvJKP1UkQThCQ9IzlKOYKC+bnZvDM6MEMBTSFNdwpv6dyFCs1Dj2TWeM9Egte1PxP6+X6vDWyyhPUk04ni8KUwa1gNPfYUAlwZqNDUFYUnMrxCMkEdYmoYUtvhCRRr7KF1U/oHyYVyomL2c5nVXSuWg4143Lx6ta865IrgxOwCmoAwfcgCZ4AC3QBhhE4BW8gYk1sd6tD+tz3lqyipljsADr6xf5QaDm</latexit>

W (k)

<latexit sha1_base64="QYElXaLPrnTUhEJYVujMNPYGDEw="></latexit>

w(k)
ij =

8
><

>:

1
2 if log2(mod(j � i, n)) = mod(k, ⌧)

1
2 if i = j

0 otherwise.

• An illustrating example
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One-peer exponential graph: weight matrix

< 35 >

• We let . The weight matrix is defined as
<latexit sha1_base64="5mSAww8chZeUQIbr+nfKh/KOpjA=">AAACMnicbZDLSgMxFIYzXut4q7oUJFiEuikzVdSNUHTjsoK9QKeUTJq2oZlkSM4IpXTn07i1L6M7cesrCKbtLGzrgZCf7z+Hk/xhLLgBz3t3VlbX1jc2M1vu9s7u3n724LBqVKIpq1AllK6HxDDBJasAB8HqsWYkCgWrhf37iV97ZtpwJZ9gELNmRLqSdzglYFErexIASfAtDgRlXNhLdVvFvDzHgZ6AVjbnFbxp4WXhpyKH0iq3sj9BW9EkYhKoIMY0fC+G5pBo4FSwkRskhsWE9kmXNayUJGKmOZz+Y4TPLGnjjtL2SMBT+ndiSCJjBlFoOyMCPbPoTeB/XiOBzk1zyGWcAJN0tqiTCAwKT0LBba4ZBTGwglDN7Vsx7RFNKNjo5raESvWBhGY0T8M2l92R69q8/MV0lkW1WPCvChePl7nSXZpcBh2jU5RHPrpGJfSAyqiCKHpBr+gNjZ2x8+F8Ol+z1hUnnTlCc+V8/wJZ56m1</latexit>

⌧ = dlog2(n)e
<latexit sha1_base64="xRhZsuIzPzuwrdH8CNnFtRegh7Y=">AAACGXicbVBNS8NAEN3Ur1q/qh69LBahXkqioh6LXjxWsE2hjWWz2bRLNrthdyOUkB/h1f4ab+LVkz9GcNvmYFsfDDzem2Fmnp8wqrRtf1ultfWNza3ydmVnd2//oHp41FEilZi0sWBCdn2kCKOctDXVjHQTSVDsM+L60f3Ud1+IVFTwJz1OiBejIachxUgbyXWfs3p0ng+qNbthzwBXiVOQGijQGlR/+oHAaUy4xgwp1XPsRHsZkppiRvJKP1UkQThCQ9IzlKOYKC+bnZvDM6MEMBTSFNdwpv6dyFCs1Dj2TWeM9Egte1PxP6+X6vDWyyhPUk04ni8KUwa1gNPfYUAlwZqNDUFYUnMrxCMkEdYmoYUtvhCRRr7KF1U/oHyYVyomL2c5nVXSuWg4143Lx6ta865IrgxOwCmoAwfcgCZ4AC3QBhhE4BW8gYk1sd6tD+tz3lqyipljsADr6xf5QaDm</latexit>

W (k)

<latexit sha1_base64="QYElXaLPrnTUhEJYVujMNPYGDEw="></latexit>

w(k)
ij =

8
><

>:

1
2 if log2(mod(j � i, n)) = mod(k, ⌧)

1
2 if i = j

0 otherwise.

• An illustrating example
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One-peer exponential graph: weight matrix

< 36 >

• We let . The weight matrix is defined as
<latexit sha1_base64="5mSAww8chZeUQIbr+nfKh/KOpjA=">AAACMnicbZDLSgMxFIYzXut4q7oUJFiEuikzVdSNUHTjsoK9QKeUTJq2oZlkSM4IpXTn07i1L6M7cesrCKbtLGzrgZCf7z+Hk/xhLLgBz3t3VlbX1jc2M1vu9s7u3n724LBqVKIpq1AllK6HxDDBJasAB8HqsWYkCgWrhf37iV97ZtpwJZ9gELNmRLqSdzglYFErexIASfAtDgRlXNhLdVvFvDzHgZ6AVjbnFbxp4WXhpyKH0iq3sj9BW9EkYhKoIMY0fC+G5pBo4FSwkRskhsWE9kmXNayUJGKmOZz+Y4TPLGnjjtL2SMBT+ndiSCJjBlFoOyMCPbPoTeB/XiOBzk1zyGWcAJN0tqiTCAwKT0LBba4ZBTGwglDN7Vsx7RFNKNjo5raESvWBhGY0T8M2l92R69q8/MV0lkW1WPCvChePl7nSXZpcBh2jU5RHPrpGJfSAyqiCKHpBr+gNjZ2x8+F8Ol+z1hUnnTlCc+V8/wJZ56m1</latexit>

⌧ = dlog2(n)e
<latexit sha1_base64="xRhZsuIzPzuwrdH8CNnFtRegh7Y=">AAACGXicbVBNS8NAEN3Ur1q/qh69LBahXkqioh6LXjxWsE2hjWWz2bRLNrthdyOUkB/h1f4ab+LVkz9GcNvmYFsfDDzem2Fmnp8wqrRtf1ultfWNza3ydmVnd2//oHp41FEilZi0sWBCdn2kCKOctDXVjHQTSVDsM+L60f3Ud1+IVFTwJz1OiBejIachxUgbyXWfs3p0ng+qNbthzwBXiVOQGijQGlR/+oHAaUy4xgwp1XPsRHsZkppiRvJKP1UkQThCQ9IzlKOYKC+bnZvDM6MEMBTSFNdwpv6dyFCs1Dj2TWeM9Egte1PxP6+X6vDWyyhPUk04ni8KUwa1gNPfYUAlwZqNDUFYUnMrxCMkEdYmoYUtvhCRRr7KF1U/oHyYVyomL2c5nVXSuWg4143Lx6ta865IrgxOwCmoAwfcgCZ4AC3QBhhE4BW8gYk1sd6tD+tz3lqyipljsADr6xf5QaDm</latexit>

W (k)

<latexit sha1_base64="QYElXaLPrnTUhEJYVujMNPYGDEw="></latexit>

w(k)
ij =

8
><

>:

1
2 if log2(mod(j � i, n)) = mod(k, ⌧)

1
2 if i = j

0 otherwise.

• An illustrating example
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DSGD over one-peer exponential graph

< 37 >

<latexit sha1_base64="EfFSiEzhNe3q/PTCxJwpyCvBU7A="></latexit>

Sample W (k) over one-peer exponential graph

x
(k+ 1

2 )
i = x(k)

i � �rF (x(k)
i ; ⇠(k)i ) (Local update)

x(k+1)
i =

X

j2Ni

w(k)
ij x

(k+ 1
2 )

j (Partial averaging)

• DSGD with time-varying weight matrix;

• Per-iteration communication cost is O(1); very efficient
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One-peer exponential graph: Periodic exact average

< 38 >

• While one-peer exponential graph is sparse, it is effective to aggregate information

<latexit sha1_base64="zJ9rywh9HNPFF17gbmxQne2Lut4="></latexit>

Theorem. Suppose ⌧ = log2(n) is a positive integer. It holds that

W (k+`)W (k+`�1) · · ·W (k+1)W (k) =
1

n
11T

for any integer k � 0 and ` � ⌧ � 1.

• While each realization is sparser, a sequence (with length ) of one-peer graphs will enable
effective global averaging

<latexit sha1_base64="yrM27wpi+JLkNC2RVqrw9q6uyQo="></latexit>⌧
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One-peer exponential graph: Periodic exact average

< 39 >

• We examine for a vector

<latexit sha1_base64="oRHeBFdbp1EAZ8ZAvny4vLvDnu4="></latexit>

k 1
n
11Tx�

TY

k=0

W (k)xk <latexit sha1_base64="CsxMV/5HSHh9w5Ucgwq79zh1td4=">AAACKHicbVDLSsNAFJ34rPHV6tLNYBFclURFXRbduGzBPqANZTKZtEMnM2FmIpaQL3CrP+HXuJNu/RInbRam9cCFwzn3cu89fsyo0o4ztzY2t7Z3dit79v7B4dFxtXbSVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vOnj7nfeyFSUcGf9SwmXoTGnIYUI22k9uuoWncazgJwnbgFqYMCrVHNqg0DgZOIcI0ZUmrgOrH2UiQ1xYxk9jBRJEZ4isZkYChHEVFeurg0gxdGCWAopCmu4UL9O5GiSKlZ5JvOCOmJWvVy8T9vkOjw3kspjxNNOF4uChMGtYD52zCgkmDNZoYgLKm5FeIJkghrE05piy/EVCNfZWXVDygfl7VA5U9ktm1CdFcjWyfdq4Z727hu39SbD0WcFXAGzsElcMEdaIIn0AIdgAEBb+AdfFif1pf1bc2XrRtWMXMKSrB+fgHqIqY9</latexit>x

• is the global average
<latexit sha1_base64="ohuirUBVVUBihC4gaSjD160ux7k="></latexit>

1

n
11Tx

• is the partial average after T iterations

<latexit sha1_base64="q3xCelEvzGgdmvXA5pxxk917Fns="></latexit>

TY

k=0

W (k)x

• One-peer exp. achieves global average after iters.
<latexit sha1_base64="MWKDbdpJehpYlIXAlBVAvf95Ryk=">AAACMHicbVDLSsNAFJ34rPHV6tJNsAh1U5Iq6rLoxmUF+5A2lMlkkg6dzISZiVBCvsKt/oRfoytx61c4abMwrQcuHM65l3vv8WJKpLLtT2NtfWNza7uyY+7u7R8cVmtHPckTgXAXccrFwIMSU8JwVxFF8SAWGEYexX1vepf7/WcsJOHsUc1i7EYwZCQgCCotPY0oD8etBjsfV+t2057DWiVOQeqgQGdcM2ojn6MkwkwhCqUcOnas3BQKRRDFmTlKJI4hmsIQDzVlMMLSTecXZ9aZVnwr4EIXU9Zc/TuRwkjKWeTpzgiqiVz2cvE/b5io4MZNCYsThRlaLAoSailu5e9bPhEYKTrTBCJB9K0WmkABkdIhlbZ4nE8V9GRWVj2fsLCs+TJ/IjNNHaKzHNkq6bWazlXz4uGy3r4t4qyAE3AKGsAB16AN7kEHdAECEXgBr+DNeDc+jC/je9G6ZhQzx6AE4+cXeW2pAw==</latexit>

log2(n)
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Apply one-peer exponential graph to DSGD

< 40 >

<latexit sha1_base64="kiQDRF17n6GtGG6IU5zh/WPQJFg="></latexit>

Assumption 1 (1) Each fi(x) is L-smooth; (2) Each gradient noise is unbiased
and has bounded variance �2; (3) Each local distribution Di is identical (iid)

<latexit sha1_base64="d9lAKfyZ6FYMC2A7/KUYlPg4RnE=">AAACJnicbVDLSsNAFJ3UV62vaJdugkVwVZIi6rLqxmUF+4A2lMlk0g6dyYSZGzGEfovb+jPuRNz5IS5M2ixs64GBwzn3cs8cL+JMg21/GaWNza3tnfJuZW//4PDIPD7paBkrQttEcql6HtaUs5C2gQGnvUhRLDxOu97kPve7z1RpJsMnSCLqCjwKWcAIhkwamtUB0BfwgvRW61hEuTgdmjW7bs9hrROnIDVUoDU0fwa+JLGgIRCOte47dgRuihUwwum0Mog1jTCZ4BHtZzTEgmo3nYefWueZ4luBVNkLwZqrfzdSLLROhJdNCgxjverl4n9eP4bgxk1ZGMVAQ7I4FMTcAmnlTVg+U5QATzKCiWJZVouMscIEsr4qS2c8KSeAPb30ldTXeeK8Lme1nHXSadSdq/rlY6PWvCuKK6NTdIYukIOuURM9oBZqI4IS9Ipm6M2YGe/Gh/G5GC0ZxU4VLcH4/gVpgqdR</latexit>

Assumption

Novel analysis; require new tricks to utilize periodic exact average to establish tight convergence

<latexit sha1_base64="L+6ct7wgTLh/ZiSscWv8eQuc4Ko="></latexit>

Theorem 3 Under the above assumptions and with � = O(1/
p
T ), let ⌧ =

log2(n) be an integer, DSGD with one-peer exponential graph will converge at

1

T

TX

k=1

Ekrf(x̄(k))k2 = O

⇣
�p
nT

+
�
2/3 log1/32 (n)

T 2/3
| {z }
extra overhead

⌘

<latexit sha1_base64="8XuT+XsD4eOz7L8rsROE6r7+wGA=">AAACI3icbVDLSsNAFJ3UV62vqEs3wSK4KkkRdVl047JCX9CGMpnetEMnmTBzUyyhf+K2/ow7cePCP3Fh0mZhWw8MHM65l3vmeJHgGm37yyhsbe/s7hX3SweHR8cn5ulZS8tYMWgyKaTqeFSD4CE0kaOATqSABp6Atjd+zPz2BJTmMmzgNAI3oMOQ+5xRTKW+afYQXtDzk8YIpIJg1jfLdsVewNokTk7KJEe9b/70BpLFAYTIBNW669gRuglVyJmAWakXa4goG9MhdFMa0gC0myySz6yrVBlYvlTpC9FaqH83EhpoPQ28dDKgONLrXib+53Vj9O/dhIdRjBCy5SE/FhZKK6vBGnAFDMU0JZQpnma12IgqyjAtq7RyxpNyjNTTK19JBjpLnNXlrJezSVrVinNbuXmulmsPeXFFckEuyTVxyB2pkSdSJ03CyIS8kjl5M+bGu/FhfC5HC0a+c05WYHz/ApY5pdQ=</latexit>

Theorem
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Static v.s. one-peer exponential graph

< 41 >

• Convergence rate of DSGD over static and one-peer exponential graphs are

• DSGD with one-peer exp. converges as fast as static exp.; a surprising result.

• DSGD with both graphs are with the same transient iteration complexity
<latexit sha1_base64="lNZa1ozyZOn9QRahF4Gptu1ga5c=">AAACJHicbVDLTsJAFJ36RHwVXbppJCawIS0SdUl0405M5JFAaabTASZMZ5qZqYY0fIpb/Bl3xoUbv8SFU+hCwJNMcnLOvblnjh9RIpVtfxkbm1vbO7u5vfz+weHRsVk4aUkeC4SbiFMuOj6UmBKGm4ooijuRwDD0KW7747vUbz9jIQlnT2oSYTeEQ0YGBEGlJc8sPJRY/7JH+dCr9qslVi57ZtGu2HNY68TJSBFkaHjmTy/gKA4xU4hCKbuOHSk3gUIRRPE034sljiAawyHuaspgiKWbzKNPrQutBNaAC/2Ysubq340EhlJOQl9PhlCN5KqXiv953VgNbtyEsChWmKHFoUFMLcWttAcrIAIjRSeaQCSIzmqhERQQKd1WfumMz/lYQV8ufSUJZJp4qutyVstZJ61qxbmq1B5rxfptVlwOnIFzUAIOuAZ1cA8aoAkQeAGvYAbejJnxbnwYn4vRDSPbOQVLML5/AQiepEg=</latexit>

O(n3 log22(n))

• The communication cost saving in one-peer exponential graph is a free lunch
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Compare one-peer exp. with other topologies

< 42 >

<latexit sha1_base64="ojASqRPRzS+vsRlNnCAtVe6aOZI="></latexit>

Topology Per-iter. Comm. Trans. Iters. (iid scenario)

Ring O(1) O(n
7
)

2D-Grid O(1) Õ(n
5
)

2D-Torus O(1) O(n
5
)

1
2 -RandGraph O(n) O(n

3
)

Static Exp Õ(1) Õ(n
3
)

One-Peer Expo O(1) Õ(n
3
)

We recommend using one-peer exponential graph in deep training.
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Exponential graphs have shorter tran. iters.

< 43 >

• Illustration of the tran. iters. on DSGD (momentum version) for logistic regression

Comparison over 32 nodes

• DSGD over one-peer exponential graph converges faster than other topologies
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Experiments in deep training (image classification)

< 44 >

• Wall-clock time to finish 90 epochs of training; measures per-iter communication

• Validation accuracy after 90 epochs of training; measures convergence rate

ImageNet-1K dataset

1.3M training images

50K test images

1K classes

DNN model: ResNet-50 (25.5M parameters)

GPU: Up to 256 Tesla V100 GPUs
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One peer is not slower than static exponential graph

< 45 >

Image classification: ResNet-50 for ImageNet; GPUs.
<latexit sha1_base64="mBJ9MtwZ6LDcSY7zE7vBToOpUFE="></latexit>

8⇥ 8 = 64

One-peer and exponential graphs converge roughly the same; but one-peer is more comm. efficient
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DSGD over one-peer Exp. achieves better linear speedup

< 46 >

<latexit sha1_base64="cN5prPxaMZgTXyEa6JBo7KpMqeA="></latexit>

nodes 4(4x8 GPUs) 8(8x8 GPUs) 16(16x8 GPUs) 32(32x8 GPUs)
topology acc. time acc. time acc. time acc. time

P-SGD 76.32 11.6 76.47 6.3 76.46 3.7 76.25 2.2
Ring 76.16 11.6 76.14 6.5 76.16 3.3 75.62 1.8

one-peer exp. 76.34 11.1 76.52 5.7 76.47 2.8 76.27 1.5

DSGD over one-peer exp. graph is more comm.-efficient without performance degradation

DSGD over ring has more efficient comm. than PSGD; suffers from performance degradation

[YYC+21]B. Ying, K. Yuan, Y. Chen, H. Hu, P. Pan, and W. Yin, ``Exponential Graph is Provably Efficient for Deep Training”, NeurIPS 2021
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Experiments in deep training (language modeling)

< 47 >

Model: BERT-Large (330M parameters)

Dataset: Wikipedia (2500M words) and

BookCorpus (800M words)

Hardware: 64 GPUs

<latexit sha1_base64="RSByxybLLlIgBk0dKlXTTsAg3vY="></latexit>

Method Final Loss Wall-clock Time (hrs)

P-SGD 1.75 59.02
D-SGD 1.77 30.4

Table. Comparison in loss and training time [CYZ+21]

[CYZ+21] Y. Chen, K. Yuan, Y. Zhang, P. Pan, Y. Xu, and W. Yin, ``Accelerating Gossip SGD with Periodic Global Averaging”, ICML 2021
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A brief summary

< 48 >

• Exponential graphs are both sparse and effective. They are nearly best up to logarithm terms

• One-peer exponential graph is even sparser without hurting effectiveness

<latexit sha1_base64="ojASqRPRzS+vsRlNnCAtVe6aOZI="></latexit>

Topology Per-iter. Comm. Trans. Iters. (iid scenario)

Ring O(1) O(n
7
)

2D-Grid O(1) Õ(n
5
)

2D-Torus O(1) O(n
5
)

1
2 -RandGraph O(n) O(n

3
)

Static Exp Õ(1) Õ(n
3
)

One-Peer Expo O(1) Õ(n
3
)
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However …

< 49 >

• Periodic exact average for one-peer exp. only holds when network size n is a power of 2

• Not known when one-peer exp. performs well when n is not a power of 2

• Not known whether the transient iteration can be further improved to
<latexit sha1_base64="lNZa1ozyZOn9QRahF4Gptu1ga5c=">AAACJHicbVDLTsJAFJ36RHwVXbppJCawIS0SdUl0405M5JFAaabTASZMZ5qZqYY0fIpb/Bl3xoUbv8SFU+hCwJNMcnLOvblnjh9RIpVtfxkbm1vbO7u5vfz+weHRsVk4aUkeC4SbiFMuOj6UmBKGm4ooijuRwDD0KW7747vUbz9jIQlnT2oSYTeEQ0YGBEGlJc8sPJRY/7JH+dCr9qslVi57ZtGu2HNY68TJSBFkaHjmTy/gKA4xU4hCKbuOHSk3gUIRRPE034sljiAawyHuaspgiKWbzKNPrQutBNaAC/2Ysubq340EhlJOQl9PhlCN5KqXiv953VgNbtyEsChWmKHFoUFMLcWttAcrIAIjRSeaQCSIzmqhERQQKd1WfumMz/lYQV8ufSUJZJp4qutyVstZJ61qxbmq1B5rxfptVlwOnIFzUAIOuAZ1cA8aoAkQeAGvYAbejJnxbnwYn4vRDSPbOQVLML5/AQiepEg=</latexit>

O(n3 log22(n))
<latexit sha1_base64="59jnINaXRizikqvJ/rC9XJuwBJs=">AAACF3icbVBNT8JAEJ3iF+IX6tFLIzHBC2mVqEeiF29iIh8JVLLdbmFlu9vsbk1Iw3/win/Gm/Hq0f/iwS1wEPQlk7y8N5OZeX7MqNKO82XlVlbX1jfym4Wt7Z3dveL+QVOJRGLSwIIJ2faRIoxy0tBUM9KOJUGRz0jLH95kfuuZSEUFf9CjmHgR6nMaUoy0kZp3Zf54ftorlpyKM4X9l7hzUoI56r3idzcQOIkI15ghpTquE2svRVJTzMi40E0UiREeoj7pGMpRRJSXTq8d2ydGCexQSFNc21P190SKIqVGkW86I6QHatnLxP+8TqLDKy+lPE404Xi2KEyYrYWdvW4HVBKs2cgQhCU1t9p4gCTC2gRUWFjjCzHUyFcLr6SByi4em7jc5XD+kuZZxb2oVO+rpdr1PLg8HMExlMGFS6jBLdShARie4AUm8GpNrDfr3fqYteas+cwhLMD6/AHtt6Ar</latexit>

O(n3)

Can we develop topologies that

§ have per-iteration communication cost;
<latexit sha1_base64="iV70ssKbGQo7F83MLS+bL1Cle/k=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBahXkoiRT0WvXizgv2ANpTNZtMu3eyG3YlQQv+C1/pnvIlXz/4XDyZtDrb1wcDjvRlm5nmR4AZs+9sqbGxube8Ud0t7+weHR+Xjk7ZRsaasRZVQuusRwwSXrAUcBOtGmpHQE6zjje8zv/PCtOFKPsMkYm5IhpIHnBLIpMeqczkoV+yaPQdeJ05OKihHc1D+6fuKxiGTQAUxpufYEbgJ0cCpYNNSPzYsInRMhqyXUklCZtxkfusUX6SKjwOl05KA5+rfiYSExkxCL+0MCYzMqpeJ/3m9GIJbN+EyioFJulgUxAKDwtnj2OeaURCTlBCqeXorpiOiCYU0ntLSGk+pMRDPLL2S+Ca7eJrG5ayGs07aVzXnulZ/qlcad3lwRXSGzlEVOegGNdADaqIWomiEXtEMvVkz6936sD4XrQUrnzlFS7C+fgFGhJ9J</latexit>

O(1)

§ enable DSGD to converge with transient iteration complexity;
<latexit sha1_base64="59jnINaXRizikqvJ/rC9XJuwBJs=">AAACF3icbVBNT8JAEJ3iF+IX6tFLIzHBC2mVqEeiF29iIh8JVLLdbmFlu9vsbk1Iw3/win/Gm/Hq0f/iwS1wEPQlk7y8N5OZeX7MqNKO82XlVlbX1jfym4Wt7Z3dveL+QVOJRGLSwIIJ2faRIoxy0tBUM9KOJUGRz0jLH95kfuuZSEUFf9CjmHgR6nMaUoy0kZp3Zf54ftorlpyKM4X9l7hzUoI56r3idzcQOIkI15ghpTquE2svRVJTzMi40E0UiREeoj7pGMpRRJSXTq8d2ydGCexQSFNc21P190SKIqVGkW86I6QHatnLxP+8TqLDKy+lPE404Xi2KEyYrYWdvW4HVBKs2cgQhCU1t9p4gCTC2gRUWFjjCzHUyFcLr6SByi4em7jc5XD+kuZZxb2oVO+rpdr1PLg8HMExlMGFS6jBLdShARie4AUm8GpNrDfr3fqYteas+cwhLMD6/AHtt6Ar</latexit>

O(n3)

§ and are valid for any network size n?



PART 03

EquiTopo graphs are new state-of-the-art



Center of Machine Learning Research

Why does exponential graph suffer log(n) deterioration?

< 51 >

• Exponential graphs are still not well-connected

• For example, node 0 never sends messages to nodes 3 and 5

• We need to develop topologies that every pair of nodes is connected in positive probability
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Basis weight matrix and graph

< 52 >

<latexit sha1_base64="yCqvankYTKoG2MgKHut/W0hkYs0="></latexit>

Definition Given a graph of size n, we introduce a set of doubly stochastic

basis matrices {A(u,n)}n�1
u=1, where A(u,n) = [a(u,n)ij ] 2 Rn⇥n with

a(u,n)ij =

8
><

>:

n�1
n , if i = (j + u) mod n,
1
n , if i = j,

0, otherwise.

Their associated graphs {G(A(u,n))}n�1
u=1 are called basis graphs.

Z. Song*, W. Li*, K. Jin*, L. Shi, M. Yan, W. Yin, and K. Yuan “Communication-efficient topologies for decentralized learning with O(1) consensus rate”, NeurIPS 2022
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Basis weight matrix and graph: illustration

< 53 >

The set of basis graphs for n = 6

• Each edge in a basis graph has the same label difference

<latexit sha1_base64="S8udKeKY4kOPtn/wQx52ec00VQU="></latexit>

{G(A(u))}5u=1

• Each basis graph is an one-peer graph; O(1) per-iteration communication overhead
<latexit sha1_base64="u50DKW+x/CZ+0wv/42ZqyVriWBc=">AAACJ3icbVDLTsJAFJ3iC/FVHzs3E4kJbEhriLpEXegSEwETqGQ6ncKEaaeZmZpg039xiz/jzujS/3DhFLoQ8CSTnJxzb+6Z40aMSmVZX0ZhZXVtfaO4Wdra3tndM/cP2pLHApMW5oyLRxdJwmhIWooqRh4jQVDgMtJxRzeZ33kmQlIePqhxRJwADULqU4yUlvrmUS9AaogRS27TytVTUomrabVvlq2aNQVcJnZOyiBHs2/+9DyO44CECjMkZde2IuUkSCiKGUlLvViSCOERGpCupiEKiHSSafoUnmrFgz4X+oUKTtW/GwkKpBwHrp7MsspFLxP/87qx8i+dhIZRrEiIZ4f8mEHFYVYF9KggWLGxJggLqrNCPEQCYaULK82dcTkfKeTKua8knswSp7oue7GcZdI+q9nntfp9vdy4zosrgmNwAirABhegAe5AE7QABi/gFUzAmzEx3o0P43M2WjDynUMwB+P7F/u9pmw=</latexit>

G(A(u))
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OP-EquiDyn: One-peer dynamic graph with equivalent label differences

< 54 >

<latexit sha1_base64="WyotnpQhRU3pQMOPzsKPAHgxkhQ="></latexit>

Pick vk from uniform distribution over the basis index set [n� 1]

Produce basis matrix A(vk) according to the definition

Generate weight matrix W (k) = (1� ⌘)I + ⌘A(vk)

<latexit sha1_base64="rQNjbj8/wxUsDKm8yL6FjwEea+Y="></latexit>

Generate EquiDyn realization W (k)

Sample at k
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OP-EquiDyn: One-peer dynamic graph with equivalent label differences

< 55 >

<latexit sha1_base64="WyotnpQhRU3pQMOPzsKPAHgxkhQ="></latexit>

Pick vk from uniform distribution over the basis index set [n� 1]

Produce basis matrix A(vk) according to the definition

Generate weight matrix W (k) = (1� ⌘)I + ⌘A(vk)

<latexit sha1_base64="rQNjbj8/wxUsDKm8yL6FjwEea+Y="></latexit>

Generate EquiDyn realization W (k)

Sample at k+1

<latexit sha1_base64="siEO8RFwUB+28DLR16TgdRipUXw="></latexit>

W =

2

6666666664

1
2 0 0 1

2 0 0

0 1
2 0 0 1

2 0

0 0 1
2 0 0 1

2
1
2 0 0 1

2 0 0

0 1
2 0 0 1

2 0

0 0 1
2 0 0 1

2

3

7777777775
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OP-EquiDyn: One-peer dynamic graph with equivalent label differences

< 56 >

<latexit sha1_base64="WyotnpQhRU3pQMOPzsKPAHgxkhQ="></latexit>

Pick vk from uniform distribution over the basis index set [n� 1]

Produce basis matrix A(vk) according to the definition

Generate weight matrix W (k) = (1� ⌘)I + ⌘A(vk)

<latexit sha1_base64="rQNjbj8/wxUsDKm8yL6FjwEea+Y="></latexit>

Generate EquiDyn realization W (k)

Sample at k+2
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OP-EquiDyn v.s. OP-Exponential

< 57 >

Sampled in a cyclic manner
OP-Exp

Sampled in a random manner
OP-EquiDyn

Nodes with any label differences can be connected

Nodes with exponential label differences can be connected
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OP-EquiDyn has a network-size-independent spectral gap

< 58 >

<latexit sha1_base64="y5vtzQ0MA9JqecVdc5dN8Raqi8w="></latexit>

Theorem. Let the one-peer directed weight matrix W (k) be generated by the
above EquiDyn algorithm. If we let ⌘ = 1/2, it then holds that

⇢ = EkW (k) � 1

n
1n1

T
nk2 

p
2

2

• Such spectral gap is independent of network size, and holds for any size n

• Recall that DSGD has transient iteration complexity
<latexit sha1_base64="H6qlWdM1LvOgAo35OVmsoe25FOM=">AAACJnicbVDLTgIxFO3gC/E1ytLNRGICC8gMEnVJdONOTOSR8EqndKCh007ajgmZzLe4xZ9xZ4w7P8SFHZiFgCdpcnLOvbmnxw0okcq2v4zM1vbO7l52P3dweHR8Yp6etSQPBcJNxCkXHRdKTAnDTUUUxZ1AYOi7FLfd6X3it1+wkISzZzULcN+HY0Y8gqDS0tDMPxbZ4KrolHtiwkuDqFyNS0OzYFfsBaxN4qSkAFI0huZPb8RR6GOmEIVSdh07UP0ICkUQxXGuF0ocQDSFY9zVlEEfy360CB9bl1oZWR4X+jFlLdS/GxH0pZz5rp70oZrIdS8R//O6ofJu+xFhQagwQ8tDXkgtxa2kCWtEBEaKzjSBSBCd1UITKCBSuq/cyhmX86mCrlz5SjSSSeJY1+Wsl7NJWtWKc12pPdUK9bu0uCw4BxegCBxwA+rgATRAEyAwA69gDt6MufFufBify9GMke7kwQqM719CyqTn</latexit>

O(n3(1� ⇢)�2)

• Substituting , DSGD over OP-EquiDyn has tran. iters.
<latexit sha1_base64="/eG/KTrpTrveS4xRgiZwFo7VD9A=">AAACJHicbVDLTgIxFO34RHyBLt00EhNXOEOIujEhunGJiTwShpBO6UBDZzq2dzRkMp/iFn/GnXHhxi9xYQdYCHiSJifn3Jt7erxIcA22/WWtrW9sbm3ndvK7e/sHh4XiUVPLWFHWoFJI1faIZoKHrAEcBGtHipHAE6zlje4yv/XMlOYyfIRxxLoBGYTc55SAkXqFoquGEt9gVz8pSCrpRaVXKNllewq8Spw5KaE56r3Cj9uXNA5YCFQQrTuOHUE3IQo4FSzNu7FmEaEjMmAdQ0MSMN1NptFTfGaUPvalMi8EPFX/biQk0HoceGYyIDDUy14m/ud1YvCvuwkPoxhYSGeH/FhgkDjrAfe5YhTE2BBCFTdZMR0SRSiYtvILZzwpR0A8vfCVpK+zxKmpy1kuZ5U0K2Xnslx9qJZqt/PicugEnaJz5KArVEP3qI4aiKIX9Iom6M2aWO/Wh/U5G12z5jvHaAHW9y8+ZqT+</latexit>

⇢ =
p
2/2

<latexit sha1_base64="59jnINaXRizikqvJ/rC9XJuwBJs=">AAACF3icbVBNT8JAEJ3iF+IX6tFLIzHBC2mVqEeiF29iIh8JVLLdbmFlu9vsbk1Iw3/win/Gm/Hq0f/iwS1wEPQlk7y8N5OZeX7MqNKO82XlVlbX1jfym4Wt7Z3dveL+QVOJRGLSwIIJ2faRIoxy0tBUM9KOJUGRz0jLH95kfuuZSEUFf9CjmHgR6nMaUoy0kZp3Zf54ftorlpyKM4X9l7hzUoI56r3idzcQOIkI15ghpTquE2svRVJTzMi40E0UiREeoj7pGMpRRJSXTq8d2ydGCexQSFNc21P190SKIqVGkW86I6QHatnLxP+8TqLDKy+lPE404Xi2KEyYrYWdvW4HVBKs2cgQhCU1t9p4gCTC2gRUWFjjCzHUyFcLr6SByi4em7jc5XD+kuZZxb2oVO+rpdr1PLg8HMExlMGFS6jBLdShARie4AUm8GpNrDfr3fqYteas+cwhLMD6/AHtt6Ar</latexit>

O(n3)
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OP-EquiDyn has a network-size-independent spectral gap

< 59 >

• We examine for a vector

<latexit sha1_base64="oRHeBFdbp1EAZ8ZAvny4vLvDnu4="></latexit>

k 1
n
11Tx�

TY

k=0

W (k)xk <latexit sha1_base64="CsxMV/5HSHh9w5Ucgwq79zh1td4=">AAACKHicbVDLSsNAFJ34rPHV6tLNYBFclURFXRbduGzBPqANZTKZtEMnM2FmIpaQL3CrP+HXuJNu/RInbRam9cCFwzn3cu89fsyo0o4ztzY2t7Z3dit79v7B4dFxtXbSVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vOnj7nfeyFSUcGf9SwmXoTGnIYUI22k9uuoWncazgJwnbgFqYMCrVHNqg0DgZOIcI0ZUmrgOrH2UiQ1xYxk9jBRJEZ4isZkYChHEVFeurg0gxdGCWAopCmu4UL9O5GiSKlZ5JvOCOmJWvVy8T9vkOjw3kspjxNNOF4uChMGtYD52zCgkmDNZoYgLKm5FeIJkghrE05piy/EVCNfZWXVDygfl7VA5U9ktm1CdFcjWyfdq4Z727hu39SbD0WcFXAGzsElcMEdaIIn0AIdgAEBb+AdfFif1pf1bc2XrRtWMXMKSrB+fgHqIqY9</latexit>x

• OP-EquiDyn has a network-size-independent rate

• While network size increases, consensus rate remains
almost unchanged
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OP-EquiDyn achieves new SOTA results

< 60 >

<latexit sha1_base64="biDwsDzcGvfwNd3AuzHkHo8tDa4="></latexit>

Topology Per-iter. Comm. Trans. Iters. (iid scenario)

Ring O(1) O(n
7
)

2D-Grid O(1) Õ(n
5
)

2D-Torus O(1) O(n
5
)

1
2 -RandGraph O(n) O(n

3
)

Static Exp Õ(1) Õ(n
3
)

One-Peer Expo O(1) Õ(n
3
)

O.-P. EquiDyn O(1) O(n
3
)

DSGD with different network topology

• OP-EquiDyn achieves O(1) comm., transient iteration complexity, and holds for any size n
<latexit sha1_base64="59jnINaXRizikqvJ/rC9XJuwBJs=">AAACF3icbVBNT8JAEJ3iF+IX6tFLIzHBC2mVqEeiF29iIh8JVLLdbmFlu9vsbk1Iw3/win/Gm/Hq0f/iwS1wEPQlk7y8N5OZeX7MqNKO82XlVlbX1jfym4Wt7Z3dveL+QVOJRGLSwIIJ2faRIoxy0tBUM9KOJUGRz0jLH95kfuuZSEUFf9CjmHgR6nMaUoy0kZp3Zf54ftorlpyKM4X9l7hzUoI56r3idzcQOIkI15ghpTquE2svRVJTzMi40E0UiREeoj7pGMpRRJSXTq8d2ydGCexQSFNc21P190SKIqVGkW86I6QHatnLxP+8TqLDKy+lPE404Xi2KEyYrYWdvW4HVBKs2cgQhCU1t9p4gCTC2gRUWFjjCzHUyFcLr6SByi4em7jc5XD+kuZZxb2oVO+rpdr1PLg8HMExlMGFS6jBLdShARie4AUm8GpNrDfr3fqYteas+cwhLMD6/AHtt6Ar</latexit>

O(n3)

• Since DSGD has a transient complexity as , the order cannot be improved
<latexit sha1_base64="H6qlWdM1LvOgAo35OVmsoe25FOM=">AAACJnicbVDLTgIxFO3gC/E1ytLNRGICC8gMEnVJdONOTOSR8EqndKCh007ajgmZzLe4xZ9xZ4w7P8SFHZiFgCdpcnLOvbmnxw0okcq2v4zM1vbO7l52P3dweHR8Yp6etSQPBcJNxCkXHRdKTAnDTUUUxZ1AYOi7FLfd6X3it1+wkISzZzULcN+HY0Y8gqDS0tDMPxbZ4KrolHtiwkuDqFyNS0OzYFfsBaxN4qSkAFI0huZPb8RR6GOmEIVSdh07UP0ICkUQxXGuF0ocQDSFY9zVlEEfy360CB9bl1oZWR4X+jFlLdS/GxH0pZz5rp70oZrIdS8R//O6ofJu+xFhQagwQ8tDXkgtxa2kCWtEBEaKzjSBSBCd1UITKCBSuq/cyhmX86mCrlz5SjSSSeJY1+Wsl7NJWtWKc12pPdUK9bu0uCw4BxegCBxwA+rgATRAEyAwA69gDt6MufFufBify9GMke7kwQqM719CyqTn</latexit>

O(n3(1� ⇢)�2)
<latexit sha1_base64="59jnINaXRizikqvJ/rC9XJuwBJs=">AAACF3icbVBNT8JAEJ3iF+IX6tFLIzHBC2mVqEeiF29iIh8JVLLdbmFlu9vsbk1Iw3/win/Gm/Hq0f/iwS1wEPQlk7y8N5OZeX7MqNKO82XlVlbX1jfym4Wt7Z3dveL+QVOJRGLSwIIJ2faRIoxy0tBUM9KOJUGRz0jLH95kfuuZSEUFf9CjmHgR6nMaUoy0kZp3Zf54ftorlpyKM4X9l7hzUoI56r3idzcQOIkI15ghpTquE2svRVJTzMi40E0UiREeoj7pGMpRRJSXTq8d2ydGCexQSFNc21P190SKIqVGkW86I6QHatnLxP+8TqLDKy+lPE404Xi2KEyYrYWdvW4HVBKs2cgQhCU1t9p4gCTC2gRUWFjjCzHUyFcLr6SByi4em7jc5XD+kuZZxb2oVO+rpdr1PLg8HMExlMGFS6jBLdShARie4AUm8GpNrDfr3fqYteas+cwhLMD6/AHtt6Ar</latexit>

O(n3)
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OP-EquiDyn can also accelerate other decentralized methods

< 61 >

Gradient tracking
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Experiments: compare with other topologies

< 62 >

• We compare consensus rate (i.e., spectral gap)
between various topologies

• Network size is 4900

• EquiDyn converges the fastest
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Experiments: gradient tracking with different topologies

< 63 >

• We use GT to solve logistic regression with non-
convex regularizes

• GT with EquiDyn converges faster than OP-Exp

• Network size is 300
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Experiments: deep learning experiments

< 64 >

• EquiTopo graph has many variants, i.e., OU-EquiDyn supports undirected graphs

• EquiTopo graph outperforms other common topologies with 17 GPUs
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Summary

< 65 >

Can we develop topologies that

§ have per-iteration communication cost;
<latexit sha1_base64="iV70ssKbGQo7F83MLS+bL1Cle/k=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBahXkoiRT0WvXizgv2ANpTNZtMu3eyG3YlQQv+C1/pnvIlXz/4XDyZtDrb1wcDjvRlm5nmR4AZs+9sqbGxube8Ud0t7+weHR+Xjk7ZRsaasRZVQuusRwwSXrAUcBOtGmpHQE6zjje8zv/PCtOFKPsMkYm5IhpIHnBLIpMeqczkoV+yaPQdeJ05OKihHc1D+6fuKxiGTQAUxpufYEbgJ0cCpYNNSPzYsInRMhqyXUklCZtxkfusUX6SKjwOl05KA5+rfiYSExkxCL+0MCYzMqpeJ/3m9GIJbN+EyioFJulgUxAKDwtnj2OeaURCTlBCqeXorpiOiCYU0ntLSGk+pMRDPLL2S+Ca7eJrG5ayGs07aVzXnulZ/qlcad3lwRXSGzlEVOegGNdADaqIWomiEXtEMvVkz6936sD4XrQUrnzlFS7C+fgFGhJ9J</latexit>

O(1)

§ enable DSGD to converge with transient iteration complexity;
<latexit sha1_base64="59jnINaXRizikqvJ/rC9XJuwBJs=">AAACF3icbVBNT8JAEJ3iF+IX6tFLIzHBC2mVqEeiF29iIh8JVLLdbmFlu9vsbk1Iw3/win/Gm/Hq0f/iwS1wEPQlk7y8N5OZeX7MqNKO82XlVlbX1jfym4Wt7Z3dveL+QVOJRGLSwIIJ2faRIoxy0tBUM9KOJUGRz0jLH95kfuuZSEUFf9CjmHgR6nMaUoy0kZp3Zf54ftorlpyKM4X9l7hzUoI56r3idzcQOIkI15ghpTquE2svRVJTzMi40E0UiREeoj7pGMpRRJSXTq8d2ydGCexQSFNc21P190SKIqVGkW86I6QHatnLxP+8TqLDKy+lPE404Xi2KEyYrYWdvW4HVBKs2cgQhCU1t9p4gCTC2gRUWFjjCzHUyFcLr6SByi4em7jc5XD+kuZZxb2oVO+rpdr1PLg8HMExlMGFS6jBLdShARie4AUm8GpNrDfr3fqYteas+cwhLMD6/AHtt6Ar</latexit>

O(n3)

§ and are valid for any network size n?

One-peer EquiDyn is the answer!



PART 04

BlueFog: An open-source and high-performance python library

https://github.com/Bluefog-Lib/bluefog
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BlueFog

< 67 >

• An open-source library to support decentralized communication in optimization and deep learning

• High-performance

• Easy-to-use
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High-performance

< 68 >

• BlueFog has larger throughput than Horovod (the SOTA DL system implementing PSGD) [YYH+21]

[YYH+21] B. Ying, K. Yuan, H. Hu, Y. Chen, and W. Yin, ``BlueFog: Make Decentralized Algorithms Practical for Optimization and machine learning”,
arXiv:2111.04287 [GitHub site: github.com/Bluefog-Lib/bluefog]

• All our research progresses are involved in BlueFog
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Easy-to-use

< 69 >

• Writing codes for decentralized methods is as easy as writing equations

<latexit sha1_base64="7Al5dgSsezZ5Rd7v5b5bWC9Sxys="></latexit>

y(k)i = x(k)
i � �AT

i (Aix
(k)
i � bi)

x(k+1)
i =

X

j2Ni

wijy
(k)
j

Decentralized least-square algorithms
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Easy-to-use

< 70 >

Abundant documents
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Easy-to-use

< 71 >

Detailed tutorials
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Final summary

< 72 >

• Decentralized algorithms save remarkable communication compared to centralized ones

• Sparse and effective topologies make decentralized optimization practical for deep training

• We propose static exponential, one-peer exponential, and one-peer EquiDyn and justify
their superiority with strong theoretical and experimental evidences

• We introduced BlueFog to facilitate research and implementation of decentralized methods



Thank you!

Kun Yuan homepage: https://kunyuan827.github.io/

BlueFog homepage: https://github.com/Bluefog-Lib/bluefog

https://kunyuan827.github.io/

